ON THE HIGHER FITTING IDEALS OF IWASAWA MODULES OF 
IDEAL CLASS GROUPS OVER REAL ABELIAN FIELDS 



TATSUYA OHSHITA 



Abstract. Kurihara established a refinement of the minus-part of the Iwasawa 
main conjecture for totally real number fields using the higher Fitting ideals in his 
paper [Kuj . In this paper, by using Kurihara's methods and Mazur- Rubin theory, 
we study the higher Fitting ideals of the plus-part of Iwasawa modules associated 
the cyclotomic Zp-extension of abelian fields for an odd prime number p. We define 
the higher cyclotomic ideals {£i}i>o, which are ideals of the Iwasawa algebra defined 
by the Kolyvagin derivative classes of circular units, and prove that they give upper 
and lower bounds of the higher Fitting ideals in some sense, and determine the 
pseudo-isomorphism classes of the plus-part of Iwasawa modules. Our result can 
be regarded as an partial analogue of Kurihara's results and a refinement of the 
plus-part of the Iwasawa main conjecture for abelian fields. 



1. Introduction 

The Iwasawa main conjecture describes the characteristic ideals of certain Iwasawa 
modules. The characteristic ideals are important invariants on the structure of finitely 
generated torsion Iwasawa modules, but they are not enough to determine the pseudo- 
isomorphism classes of Iwasawa modules (cf. §2) completely. 

The higher Fitting ideals have more detailed information on Iwasawa modules. For 
instance, the higher Fitting ideals determine the pseudo-isomorphism class and the 
least cardinality of generators of finitely generated torsion Iwasawa modules. (See 
Remark 12.31 and Remark 12.41 ) In |Ku] . Kurihara proved that all the higher Fitting 
ideals of the minus-part of the Iwasawa modules associated to the cyclotomic Zp- 
extension of certain CM-fields coincide with the higher Stickelberger ideals, which 
are defined by analytic objects arising from p-adic L-functions (cf. |Kuj Theorem 
1.1). His result is a refinement of the minus-part of the Iwasawa main conjecture for 
totally real number fields. 

Here, we study the higher Fitting ideals of the plus-part of the Iwasawa modules by 
similar methods as in |Ku] . In this paper, we construct a collection {Ci,x}j>o of ideals 
of the Iwasawa algebra A^, which is an analogue of Kurihara's higher Stickelberger 
ideals, and prove that the ideals Cj^^ give upper and lower bounds of the higher Fitting 
ideals of the plus-part in some sense. (In certain cases, the ideals determine the 
pseudo-isomorphism class of the plus-part.) The main tool in |Kuj is the Kolyvagin 
system of Gauss sums. Instead, in this paper, we use the Euler system of circular 
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units, so we can only treat the Iwasawa modules associated to the cyclotomic Zp- 
extension of subfields of cyclotomic fields. 

In order to state the main theorem of this paper, we set notations in this paper. 
We fix an odd prime number p. Let Q be an algebraic closure of Q and K a totally 
real subfield of Q, which is a finite abelian extension of Q. We assume that the 
prime number p is unramified in K/Q. Let /i„ be the group of all n-th roots of 
unity contained in Q. For an integer m with m > 0, let be the maximal totally 
real subfield of K{fipm+i) and F^o := U-m>o-^"i- We put Tm,n '■= Gal(Fm/F„) and 
:= Gal(Foo/-Fm). Especially, we write F := Fq. We fix a topological generator 
7 e Fo. Let A := Zp[[Gal(F,o/Q)]] = Jim Zp[Gal(F„/Q)]. 

Put A := Gal(Fo/Q) = Aq x Ap, where Aq is the maximal subgroup of A whose 
order is prime to p, and Ap is the p-Sylow subgroup of A. We denote Dp the de- 
composition subgroup of A at p. (Note that Dp is uniquely determined since A is 

abelian.) We put A := Hom(A, Qp ). For any character x G A, we denote by the 
Zp[A]-algebra, which is isomorphic to Zp[Imx] as a Zp-algebra, and A acts on via 
X- We denote the A-algebra C^tt-'^o]] by A^, and we identify A^ with ^^(-[[T]] by the 
isomorphism A^ ~ C^[[T]] of algebras defined by 7 ^-7■ 1 + T. 

For any A-module M, we put := M^\Ay^. We define a A-module X := ^m A^, 
where A^ '■= ^f„i is the p-Sylow subgroup of the ideal class group of F^ and the 
projective limit is taken with respect to the norm maps. It is well-known that the 
A^-module X^ is finitely generated and torsion. In this paper, we study the higher 

Fitting ideals FittA^,j(-^x) -^x ^'^^ non-trivial character x G A. Let X^^^ 
be the largest pseudo-null A^-submodule of X, and X'^ := X^/X^ gn. We treat X'^ 
instead of X^ in order to apply Kurihara's Euler system arguments, which work for 
finitely generated torsion A-modules whose structures are given by square matrices 
(cf. Lemma [2.71 and 

Comparing our setting with the minus part, which Kurihara studied, in the case 
of the plus-part, a problem lies in how to define the ideals which are substitutes for 
the higher Stickelberger ideals by Kurihara because we do not have elements as the 
Stickelberger elements in group rings of Galois groups. A key idea of this paper lies 
in the definition of ideal Cj,^ of A, called the higher cyclotomic ideals for each i G Z>o 
which match Kurihara's arguments well. We shall define these ideals in ^ by using 
the Euler system of circular units (cf. Definition I4.15p . Roughly speaking, first, we 
shall define the ideals ^i,m,N,x of the group ring Rm,N,x •= Z/p^[Gal(Fm,/Q)]x gener- 
ated by images of certain Kolyvagin derivatives /tm,iv(0 by all Rm,N,x'f^omo'morphisms 

{F^/{F^y^^^ 5^ Rm,N,x 1 then we shall define (Tj^^ by the projective limit of them. 

Let / and J be ideals of A^. Then, we write / -< J if there exists a height two ideal 
A of A^ (called an "error factor" ) satisfying AI C J. Note that for two ideals / and 
J of A^, we have / -< J if and only if /A^ p C JA^ p for all prime ideals p of height 
1, where we denote the localization of A^ at p by A^ p. We write J ~ J if / -< J and 
J -< /. The relation ~ is an equivalence relation on ideals of A^. 
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The following theorem is a rough form of our main theorem in this paper. 

Theorem 1.1. We assume that the extension degree of K/Q is prime to p. Let x ^ ^ 
be a character satisfying x{p) 1- Then, we have 

FittA^,(Xj ~ C,^ 

for any i G Z>o. Moreover, we have 

(1) annA^(X^,fin) FittA^,,(X;) C C,,^ 

for any i G Z>o. 

Remark 1.2. Let K/Q and x G A be as in Theorem 11.11 By a property of the 
principal (the 0-th) Fitting ideals, we have 

FittA^,o(-^x,fin) ^ annA^(X^,fin). 

Note that we have 

FittA„o(Xx,fin) FittA„o(X;) = FittA^,o(Xj 

since is a A^^- module of projective dimension one (cf. 12. 8p . So, we have 

FittA„o(Xj C £o,x- 

Remark 1.3. In this paper, we also study the upper bounds of the higher Fitting 
ideals of the plus-part when Ap 7^ or x{p) = 1- For the precise statement of our main 
theorem for upper bounds on the Fitting ideals, including these cases, see Theorem 

Theorem 11.11 implies that the higher cyclotomic ideals give "true" upper bounds in 
some special cases. 

Corollary 1.4. Let K/Q and x ^ ^ be as in Theorem \l.l\ Assume that is has 
no non-trivial A^-submodules. Then, we have 

FittA„^(X^) C C,^^ 

for any i G Z>o. 

Remark 1.5. All known examples of is pseudo-null (cf. Greenberg conjecture, for 
example, see |Greelj Conjecture 3.4), so we have no non-trivial example for Corollary 
11.41 in present. 

Remark 1.6. We prove the inequality 

anuA^ (X^,fin) FittA^,i(X^) C (ti^^ 

in ^ by the Euler system argument using analogues of Kurihara's elements. (See 
Theorem 17.11 and Corollary 17.21 ) Then, in ^ we prove the inequalities 

FittA„i(x;) y {t G Z>o) 

by using the results of Mazur-Rubin theory on Kolyvagin systems. (See Theorem 
18.21 ) Note that the following is already known. 
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• Without Kurihara's elements, we can obtain (non-explicit) estimates 

FittA„.(X;) -< C,,^ G Z>o), 

which are weaker than the estimates ([T]) in Theorem ll.H by using usual Euler 
system argument and the Iwasawa main conjecture. (See Remark I8.13P 

• By the Mazur-Rubin theory in |MR] §5, it turns out that the principal Kolyva- 
gin systems of (A^-i (g)^^ Zp(l), J^a) completely know the pseudo-isomorphism 
class of X^. (See Theorem EZB Corollary ESH] and Corollary IH2S1) But the 
results in |MRj does not give exphcit estimates of higher Fitting ideals of 

in terms of ideal. 

The first assertion of Theorem 11.11 implies that the higher cyclotomic ideals translates 
the pseudo-isomorphism classes of into the terms of ideals of (cf. Remark 
12. 4p . What is essentially new in this paper is the definition of the higher cyclotomic 
ideals and to give stronger estimates ([T]) of higher Fitting ideals which contains more 
refined information than the pseudo-isomorphism class of X^ by using Euler system 
arguments via Kurihara arguments. The key slogan is that the usual Euler system 
arguments work well only when the relation matrix is diagonal, but the usual Euler 
system arguments via Kurihara's elements work well even when the relation matrix 
is square. 

We remark on the relation between higher cyclotomic ideals and the structure of 
Aq^^ := Ao^Zp C'x- Mazur-Rubin theory in |MR] . the isomorphism class of the O^- 
module Ao,^ is determined by the Kolyvagin systems of (jQ-module C^-i(8)ZpZp(l). By 
comparing Mazur-Rubin theory and higher cyclotomic ideals, we obtain the following 
proposition. (See Theorem 18.121 and Corollary 18.141 ) 

Proposition 1.7. Let K/Q and x ^ ^ be as in Theorem \l.l\ Then, the following 
holds. 

(1) The image of ^i^^ in the ring 

i?o,x := Zp[Gal(Fo/Q)]^ = AJ(7 - 1) = l^i?o,iv,x - 

N 

coincides with the ideal ^i,Fo,x •= ^iiB^r ^i,o,N,x /^'^ ^''^V ^ ^ ^>o- 

(2) We have ¥itto^,i{AQ^-^ = £j,Fo,x /^^^ ^^^2/ ^ ^ ^>o- 

So, by Nakayama's lemma, we obtain the following corollary. (See Corollary 18.151 ) 

Corollary 1.8. Let K/Q and x ^ ^ be as in Theorem M . 1\ Let r he a non-negative 
integer. Then, the following two properties are equivalent. 

(1) The least cardinality of generators of the A^-module X^ is r. 

(2) C~i,x 7^ A^ and Cx = Ax- 

In ^ we recall the definition and some basic properties of of higher Fitting ideals. 
In ^ we recall some preliminary results on Iwasawa theory. In HI we define the 
higher Fitting ideals, and prove our main theorem for i = (Theorem I4.16p . In ^ 
we recall some basic facts on the Kolyvagin derivatives of the Euler system of circular 
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units, and induce some elements Xm,N{n)^ of (F^/p^)^, are analogue of Kurihara's 
elements in |Kuj . The elements Xm,N{n)x play important roles in the Kurihara's Euler 
system arguments in the proof of Theorem 11.11 Especially, Proposition 15.61 is one of 
the keys of the Euler system arguments. In ^ we prove Proposition 16.11 which is a 
key proposition in the induction arguments in Euler system arguments. In ^ by the 
Euler system argument using analogues of Kurihara's elements, we prove the estimate 

anuA^ (X;^,fin) FittA^,i(X^) C (ti^^ 

for any i > (see Theorem 17.11) . We also treat the case Ap 7^ or x{p) = 1- 
§H1 we compare the higher Fitting ideals with Mazur-Rubin theory. We apply theory 
on Kolyvagin systems established by Mazur and Rubin, and we prove Theorem 18. 12[ 
which is a result on the ground level, and the remaining part of Theorem ll.il 

Notation. In this paper, we use the following notation. 

Let F be a perfect field, and F an algebraic closure. We denote the absolute Galois 
group of F by Gp := Gal(Q/F). For a topological abelian group T with continuous 
Gp action, let H*{F,T) = H*{Gf,T) be the continuous Galois cohomology group. 

In this paper, an algebraic number field is a subfield F of a fixed algebraic closure 
Q of Q such that the extension degree of F/Q is a finite. For a finite set E of places 
of Q, we denote by Qs the maximal extension field of Q unramified outside E. For 
any algebraic number field F, we denote the ring of integers oi F hy Op, and the 
p-Sylow subgroup of the ideal class group of F by Ap. 

We define Qoo/Q to be the cyclotomic Zp-extension. For any m G Z>o, we denote 
by Qm the unique subfield of Qoo whose extension degree over Q is p'". Note that the 
field Fm is the composite field of and Fq for any m G Z>o U {00}. We identify 

Gal(Qoo/Q) as r = Gal(Foo/Fo) by the natural isomorphism F Gal(Qoo/Q) • 

Let L/K he a finite Galois extension of algebraic number fields. Let A be a prime 
ideal of K, and A' a prime ideal of L above A. We denote the completion of K 
at A by K\. If A is unramified in L/K, the arithmetic Frobenius at A' is denoted 

by i\',L/K) G Ga\{L/K). We fix a family of embeddings { %: ^Q^ j^^pnme 

satisfying the condition (Chb) as follows: 

(Chb) For any subfield F G Q which is a finite Galois extension of Q and any 
element a G Gal (F/Q), there exist infinitely many prime numbers I such that 
i is unramified in F/Q and {ip, F/Q) = a, where ip is the prime ideal of Op 
corresponding to the embedding iqlp. 

The existence of a family satisfying the condition (Chb) follows easily from the Cheb- 
otarev density theorem. 

Let £ be a prime number. For an algebraic number field F, let ip be the prime 
ideal of F corresponding to the embedding iqlp. Then, if L ^ F is an extension of 
algebraic number fields, we have ipl^F- 
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For an abelian group M and a positive integer n, we write M/n in place of M/nM 
for simplicity. In particular, for the multiplicative group oi a. field we write 
}<[y- jpN place of / {K^Y . We denote by Mtor the kernel of the natural homo- 
morphism M ^ M Q . 

For a A-module M, we denote the Fm-invariants (resp. Fm-coinvariants) of M by 
M^™ (resp. Mrjj. 
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2. Higher Fitting ideals 

We use the same notation as in the previous section. In particular, we fix a finite 
abelian field and We define A := Zp[[Gal(Foo/Q)]], where Foo is the maximal 
totally real subfield of K{jip^). 

Here, we recall the definition and some basic properties of higher Fitting ideals 
briefly. 

Definition 2.1 (higher Fitting ideals, see jNo] §3.1). Let R be an commutative ring, 
and M a finitely presented i?-module. Let 

pm ^ ^ Q 

be an exact sequence of i?-modules. For each z > 0, we define the i-th Fitting ideal 
Fitt ji^i{M) as follows. 

• When < i < n and m > n — i, we define Fitt R^i{M) to be the ideal of R 
generated by all {n — i) x [n — i) minors of the matrix corresponding to /. 

• When < i < n and m < n — i, we define Fittij,j(M) := 0. 

• When i >n, we define Fitt R^i{M) := R. 

The definition of these ideals depends only on M, and does not depend on the choice 
of the above exact sequence. 

Remark 2.2. Let R be an commutative ring, S an i?-algebra, and M a finitely 
presented -R-module, Then, by definition of the higher Fitting ideals and the right 
exactness of tensor products, we have 

Fitt5,i(M S) = Fitt R^i{M)S 

for any z > 0. 
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Remark 2.3. Let R be an commutative ring, and M be a finitely presented R- 
module. If we liave Fittij,i(M) 7^ R, tlien tlie least cardinality of generators of M is 
greater than i + 1. Note that when i? is a local ring or PID, the least cardinality of 
generators of M is i + 1 if and only if Fitt/j,j(M) 7^ R and Fitti?,i+i(M) = R. 

Remark 2.4. Fix an arbitrary character x e A, and let M and be A^-modules. 
We say that M is pseudo-null if the order of M is finite. We write M ~p,i, N if there 
exist homomorphism M — y N whose kernel and cokernel are both pseudo-null, and 
we call M is pseudo-isomorphic to A^. Note the relation ~p,i, is an equivalence relation 
on finitely generated torsion A^-modules. Assume 



^~P.i.0Ax/M. 



=1 



and fi divides /i+i for 1 < i < n — 1. Then, we have 

Fitt^ .(M)~|™-^^) 

[Ax (ifi>n) 

for any non-negative integer i (cf. |Kuj Lemma 8.2). In particular, the pseudo- 
isomorphism class of M is determined by the higher Fitting ideals {FittA^,i(M)}i>o. 

Remark 2.5. Let M be a finitely generated torsion A^-module. Then, the charac- 
teristic ideal charA^(M) is the minimal principal ideal of A;^ containing FittA^,o(^)- 

Let us recall basic properties of higher Fitting ideals. 
Lemma 2.6. Let R be a commutative ring, and 

^A^ ^0 

be a short exact sequence of finitely presented R-modules. Then, we have the following: 

(1) Fitt/j,i(M) C FittR,i(L) for any i > 0. 

(2) Fittij^i(M) C Fittfi'ifAT) for anyi>0. 

(3) Fitt/j,'i(L) FittH.o(iV) C FittH.i(M) for any i > 0. 

(4) Fitt^,^o(^) Fittij,i(Ar) C FittR^M) for anyi>0. 



Proof. Consider free resolutions 

R' — ^ R'' ^ L ^ 0, 

R'' R"-' ^ N ^ 

of -R-modules L and A^. Let A G Mr^s{R) (resp. B G Mr>^s'{R)) be the matrix 
associated to the i?-linear map / (resp. g) for standard basis. Then, we have an exact 
sequence 

j^s+s' j^r+r' ^ ^ ^ Q 

such that the (r -|- r') x [s + s') matrix C associated to h is given by 
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All assertions of the lemma follows immediately from the computation of minors of 
the matrix C. □ 

Later, we use the following lemma on principal Fitting ideals of Iwasawa modules. 

Lemma 2.7 (for example, see |Kuj Theorem 8.1). Let i? = A^ ~ 0^[[T]] and M a 
finitely generated torsion R-module. Suppose M contains no non-trivial pseudo-null 
R-submodule. Then, there exists an exact sequence 

^ R"" ^ i?" ^ M ^ 

for some integer n > 0, and we have 

FittH,o(M) = charfl(M). 

By lemma 12. 7^ we obtain the following corollary. 

Corollary 2.8. Let i? = A^ ~ ^xit-^]] '^'^'^ ^ finitely generated torsion R-module. 
We denote the maximal pseudo-null R-submodule of M by Mgn- Then, w have 

FittH,o(M) = Fittij,o(Mfi„)Fitti?,o(M/Mfin). 
3. Preliminaries 

In this section, we recall some preliminary results on certain Iwasawa modules. 

3.1. In this subsection, we give some remarks on "x-quotients" of A-modules. Recall 
we denote the p-component of A := Gal(Fo/Q) by Ap, and the maximal subgroup of 
A of order coprime to p by Aq. Note that A^^ := C^(,[[r]][Ap] is flat over A for any 
Xo £ Aq. In particular, if the extension degree of K/Q is prime to p, then A^ is flat 
over A for any x G A. When the degree of K/Q is divisible by p, we have to treat 
such A-algebras more carefully. 

Let be a set of all representatives of Gal(Qp/Qp)-conjugacy classes of A. We 
put 

.5^: A — n^Ax 

to be the natural homomorphism, where x runs all elements of S^. Note that the 
cokernel of the homomorphism ls~ is annihilated by |Ap|. We use the following 
elementary lemma. 

Lemma 3.1. Let M be a A-module. Then, we consider a natural homomorphism 

Then, the kernel and the cokernel of lm,s^ o,"!^^ annihilated by \Ap\. 
Proof. We consider the exact sequence 

— A ^ n. A, — n.Coker — 0. 
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Then, we obtain the exact sequence 

Torf (Coker is^ , M) M ]\^ Coker Oa M 0. 

Since the A-module Coker t5_ is annihilated by |Ap|, the A- modules Coker ®\ M 
and Tor f (Coker , M) are annihilated by |Ap|. □ 



We denote the image of /a in by /a,^ fo^' each character x G A. 

Corollary 3.2. Let M he A-modules with no non-zero Ijp-torsion elements. We 
denote the A^-submodule of consisting of aWLp-torsion elements by M^^tor- Then, 
the K^-module M^^tor is annihilated by |Ap|. 



Proof. We consider the commutative diagram of natural homomorphisms 

/ 



n 



'■M,S': 



'X- 



Then, the corollary follows from this commutative diagram and Lemma 13.11 □ 

Corollary 3.3. Let M and N be A-modules, and /: M ^ a homomorphism 

of A-modules. We consider the commutative diagram 



(2) 



M 



f 



N 



''M,S'. 



induced by the homomorphism f . 

• We have 

.M,5s(Ker/)D|A,|2-Ker(J]/J. 

X 

In particular, for each character x G A, then |Ap|^Ker/j^ is contained in the 
image of the kernel of f in M^. 

• The natural homomorphism Coker (/^) ^ (Coker(/))^ is an isomorphism 

of A^-modules for any character % G A. 



Proof. The first assertion follows from the diagram ([2]) and Lemma I3.1[ The second 
assertion is clear. □ 
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3.2. This and the next subsection, we recall some preliminary results on Iwasawa 
theory. In this section, we refer results on unit groups. 

Let m G Z>o. We put Um '■= {Op^n ® ^p) ^ to be the group of semi-local units 
at p of Fm, and f/^ to be the maximal pro-p-part of Um- We denote the group of 
units of Op^ by E^, and the Sinnott's circular units in by Cm (cf. [SI] §4). We 
define (resp. C^) to be the closure of Em (resp. Cm) in f/m, and E}^ (resp. Cm) 
by n [/^ (resp. fl [/^). We define t/oo := ^^U}^ and := 1^^^, where 
these projective limit is taken with respect to the norm maps. Similarly, we define 
the limit Coo '■= Uh^G^ of the projective system with respect to norm maps. 



Remark 3.4. By Leopoldt's conjecture for abelian fields (cf. |Waj Corollary 5.32), 
we have the natural isomorphism Em ® ~ > E^ . We also have the natural 

isomorphism Cm ® Zp ~ > Cm ■ 

Proposition 3.5. Let x G A &e a non-trivial character. There exists a homomor- 
phism ip: -Eoo.x — ^ of A^-modules whose cokernel has finite order, and whose ker- 
nel is annihilated by p-power. (Note that if the extension degree of K/Q is prime to 
p, then the E^o has no non-trivial p-torsion element.) 

Let X G A. We denote the restriction of x to Aq by xo- We define an integer by 



ifxo(p)7^1; 
2 ifxo(p) = l. 



For each m G Z>o, we consider the natural homomorphism P^: {Eoo)rm — ^ ^m- We 
define the homomorphism P^: {Eoo)rm — ^ ®z ^p to be the composition of P^ 
and the inclusion map Ej^ ~ Op^ ®z Zp — )■ F^ (g)^ Zp. For each character x G A, 
the A^-homomorphisms P^ and P^ induce the homomorphisms 



m,x - (-^oo,x)r,„ > {Em ®Z Zp)^. 



Proposition 3.6. Let x G A 6e a non-trivial character. Then, there exist ideals IpE 
and JpE of of finite indeces such that 

(7 - 1)''^^' IpE KerP^^ = (7 - 1)''^/' \A/ IpE Ker P^,^ = {0}, 



(^_l)«x/2j^,CokerP4 = {0} 



for any m G Z 



>o- 



Proof. For any cyclic group C and any G-module M, we denote the Tate cohomology 
groups by II^{C,M). Fix a non- negative integer m. We have the exact sequence 

. l^^-i(r^,,^, Em') (Foo)r„ — El^ l^m H%Tm',m, E'J 
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of A-modules. This exact sequence and Corollary 13.31 imply that 
CokerP^^^ = l^^°(r„,,„,E^Ox, 
annA^(KerP^ ,^) D | Ap | ^ annA^ (lim H~^{Tm'.m, E^' ] 
By Lemma 1.2 of |Rul] . there exists an integer k satisfying 

(7 — l)H'{Tm',m, Ejn'] 



for all i e Z and all m',m G Z>o with m' > m. (Note that the setting of Lemma 
1.2 of |Rulj seems to be different from ours, but the argument in the proof of this 
lemma works in more general situation containing our case.) Therefore, the assertion 
for characters x ^ ^ satisfying Xo(p) = 1 follows. 

We assume that x ^ ^ is a character satisfying Xo{p) 7^ 1- By Corollary 13. 3[ it is 
sufficient to show that for any i G Z, order of the A^^-module 

is finite and bounded by a constant independent of m' . 



Let m be an integer with m' > m. Since the Zp[Gal(Fm'/Q)]"^odule E"^, © Zp 
contains a submodule of finite index which is free of rank one, we have an exact 
sequence 



. Zp[Gal(F„VQ)] El, © Z^ N 0, 

where is a Zp[Gal(Fm'/Q)]"^odule of finite order. This exact sequence induces the 
exact sequence 

^ Zp[Gal(P^VQ)]^„ ^ i?^, ^„ © (Z,),„ — N^, — 0. 

Note that we have (Zp)^^ = since xo is non-trivial. We consider the Herbrand 
quotients, and obtain 

j^H\T^,^m,El,^ J _ #^0(r^,^,Zp[Gal(F^VQ)]^J #i^O(r„, A^^J 



,X0 

= 1 



Let E^^i be the group of p-units of Fm'- Then, we have an exact sequence 
(3) E^. © Zp E^, © Zp 0, 

where S^' is a Zp[Gal(Fm'/Q)]"Submodule of 2^ ^ © Zp, which is a free Zp-module 
generated by all places of F^' above p. Note that the group Dp acts trivially on 5"^/. 
So, the natural homomorphism 

^xo : {Era' ® ^p)xo (eS ® ^p)xo 

is an isomorphism. Then, we have 

#i^°(r^,^,(Fi:,)©Zp),J _ i^H%T^',m,El, 



#i7-i(r„,^,(Fi^)©Zp)^j #if-i(r^',„^,i?^,^J 
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By Corollary in §5.4 of |Iw] . there exists an integer r such that 



H ^{Tm\m,El^,) — H ^ iV m' E^m,^ 



< 



P 



for all m', m G Z satisfying m' > m > 0. By the equality (jl]), we also have 



ra' ,m,-, -^m'. 



XO' 



for all m', m G Z satisfying m' > m > 0. Therefore, order of the A^p-modules 

m' ,m) Em')xo H^(Xm',mi (Em' ® Zp)^^) are bouuded by a constant indepen- 
dent of m'. This completes the proof of proposition. □ 



We can prove a more refined proposition than Proposition 13.91 in the case of Ap = 
and x{p) 7^ 1) by the similar argument to the proof of ^Ru4j Theorem 7.6. (We have 
to replace Xoo in |Ru4] to Gal(Moo/-Foo) and Uoo in |Ru4] to our Uoo, where Moo is 
the maximal pro-p extension field of F^o unramified outside the places above p.) 

Proposition 3.7. Assume that the extension degree of K/Q is prime to p, and the 
character x G A satisfies x{p) 7^ 1- Then, we can take Ips = and JpE = 

Remark 3.8. Note that the assertions of |Ru4j Theorem 7.6 are for imaginary qua- 
dratic base fields, but we can also prove Proposition 13. 71 bv direct application of |Ru4] 
Theorem 7.6 by the manner as follows. Let L be an imaginary quadratic field and de- 
note the discriminant of L/Q by Dl/q. Assume that {pDx/Q, Dl/q) = 1. Then Fq and 
L are linearly disjoint over Q. So, we have the natural isomorphism A ^ Gal(FoL/L), 
and regard x a character of Gal(FoL/L). We define X^o '■= Ap^^ and 
Eoo := 1^^ O^^p ®z Zp. Let 

be the natural map. We can set {Koo/K, F,x) in |Ru4j to {LFoo/L, FmL,x) in our 
notation, and apply |Ru4] Theorem 7.6 (ii). Then, it follows that pr^.^ is injective, 
and 

Coker(i-f ^ Xi-^ C Xfin,^, 

where Xgn.x is the maximal pseudo-null A^-submodule of Xoo,x- Since p is odd, we 
obtain 

Ker(P^,^) = KeTiPij=' = 0, 

Coker(P^, J = CokeTiPiJ=' ^ = ^-Tx ^ ^fin,x- 

This implies Proposition 13.71 



3.3. In this subsection, we recall some results on the ideal class groups and the 
statement of the Iwasawa main conjecture. 

We denote the p-Sylow subgroup of the ideal class group of Fm by Ap^. We define 
the A-module X by X := l^Ap^, where the projective limits are taken with respect 
to the norm maps. Note that X is a finitely generated A-torsion module. 
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For the Iwasawa modules X, we need the following well-known results. 
Proposition 3.9 (cf. |Waj Lemma 13.15). The following holds. 

(i) For each m e Z>o, the natural homomorphism X-p^ — > Ap^ is surjective. 

(ii) There exist an K-suhmodule Y of X such that (7 — 1)X C F C X, and 
the kernel of the canonical homomorphism X^^^^ — )■ Ap^^^ is annihilated by 
I A '■= CLnn\{Y/{'y — 1)X) for any m G Z>o. 

In the case of Ap = and x{p) 7^ 1; we have a more refined proposition than 
Proposition 13. 9[ The following Proposition 13. 101 is proved by the similar way to |Ru4] 
Theorem 5.4 (i). (Note that as in Remark 13. 8[ we can also prove it by the direct 
application of |Ru4] Theorem 5.4 (i).) 

Proposition 3.10. Assume that the extension degree of K/Q is prime to p, and the 
character X ^ A satisfies x{p) 7^ 1- Then, the natural homomorphism 

is an isomorphism for any m G Z>o. 

Here, we recall the statement of the plus-part of the Iwasawa main conjecture 
briefly: 

The A-modules Eoo, C*oo ond X are as above. Let x ^ ^ be an arbitrary 
character. Then, we have charA^(X^) = charA^ ((-E'oo/C'oo)x) ■ 

(See [US], pW] . [Ru2] . [Om] Theorem 3.1 and loc. cit. Remark c), et al.) We use 
the Iwasawa main conjecture in the proof of our main results. 

4. Higher cyclotomic ideals 

In this section, we define ideals (tj^^ of for each i G Z>o by using circular units, 
and prove Theorem II. II for i = 0. 

4.1. Here, we define some special circular units in order to define ideals ^i^x- 

We fix an embedding Q^^ C, and regard Q as a subfield of C. For each positive 

integer n, we define 

C„ := exp(27rV^^) G Q C C, 
which is a primitive n-th root of unity. Note that we have Cmn ~ Cn for any positive 
integers m and n. 

For each integer > 0, we define 
Sjq := I £ is a prime number splitting completely in A'(/ipjv)/Q}, 

r 

Mn := {Y[ei\r eZyo, iieSN {^ = I,..., r), and i.y^i, if I j^j}u{l}. 

i=l 
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In particular, if £ e Sn, then we have £ = 1 mod p-^. 

Let m be a non-negative integer, and put F := F^- We denote the conductor 
of F/Q by fp — fp/Q- For a positive integer n prime to fp, we define Hp^ :— 
Gal [F{fin)/F). For simplicity, we write Hn := Hq^n- If is decomposed in n = 
111=1 where ii, . . . ,ir are distinct prime numbers and Cj > for each i, then we 
have natural isomorphisms 

Gal(F(^„)/Q) ^ Gal(F/Fo) x Hp^^, 

Hp^r, ~ ~ i/^ei X • • • X i/^e.. 

We identify these groups by the canonical isomorphisms. 

Definition 4.1. Let m be a non- negative integer, and n a positive integer prime to 
Ph- 

(i) For each d e Z>i dividing ^k, we define 

(ii) For each a e Z with (a,p) = 1, we define 

\ i — (,n (,pm+l / 

In this paper, we call the elements r)^{n) and r]l^{n) the basic circular units of Fjn{nn)- 

The following lemma is well-known, and easily verified. 

Lemma 4.2. Let m be a non-negative integer, n a positive integer prime to pfx, and 
£ a prime divisor of £. Let r)jn{n)* be a basic circular units of F^{ij,n)- Then, the 
following holds. 

(i) We have 

where Fr^ is the arithmetic Frobenius element at £ in Gal (-P'm(A*n/^)/Q) • 

(ii) We have 

NF„+i(Mn)/F„(^„)fe+l(?^)) = Vrni^)- 

Remark 4.3. Let /C be a composite field of Qoo and Q(/Xn) for all positive integers 
n satisfying {n,pfK/Q) = 1- We fix a circular unit 

r 

where r G Z>o, and Vi are elements of Z[Gal(Fm/Q)] for each positive integers 
d and i with d\fK and 1 < i < r, and Oi, ■ ■ ■ , a,, are integers prime to p. For any 
non-negative integer m and any positive integer n satisfying (n, fx/Q) = 1, we put 

r 

d\fK «=1 
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We also denote by rim{n)^ the image of rim{n)^ in H^(Qm,0^-i ®Zp ^p(l)) by the 
natural homomorphism 

{FUf^nV ®Z ^p)x = H\Qm,^p[A] Zp(l))^ ^H'{Qm,0^-i Zp(l)). 

Then, the collection 

of Galois cohomology classes defines an Euler system for {O^-i ^^^Zp{l), K,/Q,pfK/Q) 
in the sense of |Ru5] . 

In particular, Lemma (ii) implies that (?7^(l))m>o is a norm compatible system, 
so it is an element of Coo. Later, we use the following result. 

Proposition 4.4 (See |Greij Lemma 2.3). The A-module Coo is generated by 

{(^m(l))->o I d e Z>i, d\fK} U {{v'Sil)U>o I a e Z, (a,p) = 1}. 

Moreover, in the case of Ap = 0, the following result is known. 

Proposition 4.5 ( |Tsu] Lemma 6.2). Assume that the extension degree of K/Q is 
prime to p, and the character x ^ A is non-trivial. Then, The A^-module Coo,x is 
generated by one element. So, combining with Proposition \3.5[ the A^-module Coo,x 
is free of rank one. 

Remark 4.6. If the extension degree of K/Q is prime to p, and a character x G A 
satisfies x{p) I5 then we can easily show that any circular unit 77^ G Cg .^ extends 
to an element 

{Vm,x}m ^ ^oo,x ~ ^m,x 
m 

satisfying r^o,^ = Vx- "^^^^ fact implies that any circular unit rj G Cq^^ extends to an 
Euler system {?7m(^)x}m.,n for (C-^-i®ZpZp(l), IC/Q,pfK/Q) which consists of A^-linear 
combination of basic circular units, and satisfies ?7o(l)x = Vx- 

4.2. In this subsection, we define the higher cyclotomic ideals Ci^^ by using Kolyvagin 
derivatives fi;^Af(^) of Euler systems of circular units. First, let us recall the notion 
of Kolyvagin derivatives. Let i be prime number contained in S^. We shall take 
a generator ai of a cychc group Hi = Gal (Q(/i„)/Q) as follows. We put N^iy := 
ordp(£ — 1), where ordp is the normalized additive valuation at p, namely, ordp(p) = 1. 
Then, we have N^iy > N > 1. By the fixed embedding Q Q^, we regard yU^Af;^} 

as a subset of We identify Gal {Qeil^e)/QE) with = Gal (Q(/U^)/Q) by the 
isomorphism defined by £q. Let F be the maximal p-extension field of Q contained 
in Q{fii), and tt a uniformizer of Fe^. We fix a generator ae of He such that 

tt"'"^ = Cp^{,j (mod m^), 

where is the maximal ideal of F^^, and Cp^{«} is a primitive j9^('^>-th root of unity 
defined as above. Note that the definition of does not depend on the choice of vr. 
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Definition 4.7. (i) For t G S^^ we define 

1-2 
k=l 

(ii) Let n = YYi=i ^ -^a^) where Ci G S]^ for eacli i. Tlien, we define 

r 
i=l 

In order to define Kolyvagin derivatives of circular units, we use the following 
well-known lemma. 

Lemma 4.8. Let n G Mn- Then, for each d G Z>i dividing fj^ and for each a G Z 
prime to p, the images of ri'^{n)^" and rjl^{n)^" in FmifJ^n)^ /p^ CLre fixed by H^. 

Note that H'^{Fn{n), fipN) = in our situation, so by Kummer theory and Hochschild- 
Serre spectral sequence, the natural homomorphism 

is an isomorphism. By Lemma [4.8[ we can define Kolyvagin derivatives KmNi^) of 
(basic) circular units as follows. 

Definition 4.9. Let n G Mn- For each d G Z>i dividing fx (resp. a G Z prime to p), 
we define 

^^iM^) e FZ/p"" (resp. K'S^^in) G F^/p^) 
to be the unique element whose image in Fm{Hn)^ Iv^ is Vmi''^)^" (resp. rjl^in)^'^). 

Now, let us define the higher cyclotomic ideals {'ii,x}i>o- First, we fix integers m 
and N satisfying > m + 1 > 0. Let x ^ ^! and put 

R^,N :=Z/p^[Gal(F^/Q)]; 

Then, we have 

Rm,N ^ Ar„/p^, Rrn,N,x ^ A^.r^/p^, 

where Ar,„ (resp. A^^^r™) denotes the Fm-coinvariant of A (resp. A^). As in |Kuj . we 
need the notion called well-ordered. 

Definition 4.10. Let n G Mn- We call n well-ordered if and only if n has a factor- 
ization n = 111=1 with £j G iStv for each i such that fj+i splits in -Fm(nj=i 
2 = 1,. ..,r — 1. In other words, n is well-ordered if and only if n has a factorization 
n = ni=i such that 

i 

U+i = l (modp^n^^) 

i=i 

for i = l,...,r — 1. We denote by M]^'°' the set of all elements in Mn which are 
well-ordered. 
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Let n e A/'jv °' with the decomposition n — HLi-^i) where £i e Sn for each i. 
We put e(n) := r. We define Wm,Ar,x(^) to be the i?^^jv,;^-submodule of {F^/p^)^, 
generated by the image of 

{K^ o(n) I d e Z>o dividing f/^} U | a e Z prime to p}. 

We put ?{^,iv,x := Hom^^ ^^ {{F^/p^)^, Rm,N,x) ■ 

Definition 4.11. We define ^i,m,N,x to be the ideal of Rm,N,x generated by 

f&'Hm,N,x " 

where n runs through all elements of A/"^'"' satisfying e(n) < i. 

Remark 4.12. Note that the i^m.Af.x'^^odule Hom((9^/p^[rm q]) Qp/^p) is injective 
and free of rank one. So, Rm,N,x is an injective i^^^Ar^^-module. In particular, the 
restriction map 

'Hm,N,x ^ 'Hm,N,xilT^) '■= ^OmR^^^ {y^m,N,xi^)^ Rm,N,x) 

is surjective. This implies that the ideal €i^rn,N,x coincides with the ideal of Rm,N,x 
generated by 

U U 

where Im(/) is the image of /, and n runs through all elements of JV^''^' satisfying 
e{n) < i. 

In order to define the higher cyclotomic ideals, we need the following lemma and its 
corollary. (Note that in this paper, we use the first assertion of the following lemma 
only when n = 1.) 

Lemma 4.13. Let mi, m2, Ni and N2 be integers satisfying 1712 > mi and N2 > Ni. 
Take a positive integer n prime to pfx/Q- Then, the following holds. 

(i) For any Rm2,N2,x[-^n]-homomorphism 

/2: (F^.WVp"^^)^ ^ Rm2,N2,x[H^i 

there exists an Rm2,N2,x[-^n]-homomorphism 

fi: {F^M-/p^^)^^R^,,^,jH^] 
which makes the diagram 

{Fm2{l^nY / P^) ^ — ^ Rm2,N2,x[Hn] 



^^m.2 I 



X 

mod (7f'"l-l,p^l) 

/i 



[FmAl^nV / P^) ^ - - ^ Rmi,N^,x[Hrx 

commute. 
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(ii) Assume Ap = andNi — N2 —: N. Then, for any Rmi,Ni,x[Hn[-homomorphism 

h '■ {Fmi (/^n) /P^) ^ ^ Rmi ,N,x [Hn] , 

there exists an Rm2,N2,x[Hn]-homomorphism 

[Hn] 

which makes the diagram 



X 

mod (7P'"l-l,p^l) 

h 



commute. 

Proof. Let us prove the first assertion of the lemma. Note that we can easily reduce 
the proof of this claim to the following two cases: 

(1) (m2,iV2) = (mi,iVi + l); 

(2) {m2,N2) = (mi + l,7Vi). 

In the case (1), our lemma is clear. We shall show the lemma in the case (2). We 
put m = mi, N = Ni = N2, Ri = Rm,N[Hn], R2 = Rm+i,N[Hn], and the natural 
surjection pr: R2 — >■ Ri. We denote by the natural homomorphism 

t: (F„(//„)Vp^)x — (^m+i()"n)VP^)x- 
We define an element 

Nm+l/m ^ cr e i?2- 

o-GGal(F„+i/F^) 

Then, there is a unique isomorphism 

of -Ri-modules satisfying 1 h-)- Nm+i/m- Let AfJ^ be the image of {Fm+i^Hn)^ /p^)x 
{Fmil^n}^ /p'^)x by the norm map. Note the composition map 

J^m+i/m opr: R2 > R2 

coincides with the scalar multiplication by Am+i/^, so there exist a unique i?2-linear 
homomorphism 

) : i^{Af:F) = N^+i/m{Fm+MVp'')x R2 
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xK 



m / m+ 1 




xN, 



m + 1 ,m 




commute. By injectivity of Ri, we can extend f[^^ o to be a homomorphism 



Ri 



satisfying /i \j\fj^= o l. This completes the proof of the first assertion. 

Next, let us prove the second assertion. It is sufficient to show in the case of 
(m2, A'"2) = (mi + 1, A^^i). Here, we use the same notation as in the proof of the first 
assertion. Let /i : — > i?i be a given i?i -homomorphism. Note that 
the natural homomorphism 



Fm+l(/in)Vp'^ 



is injective since we have H^{Fm+i{fJ,n), l^p^) = 0. We regard (F^i (/in)^/p^)^ as 
an i?2-submodule of (-^m+i(/^n)^/p^)^ by the natural injection l^. Note R2 is an 
injective i?2-niodule, so we can extend the homomorphism 



R2 



to an i?2-homomorphism /2 : (-^m+i(/Un)^/p^)^ — > R2- By definition of /2, we obtain 
the commutative diagram 



xN, 



m + l/m 



pr 



in the category of i?2-niodules. 



/i 



Ri 



□ 



Let mi, m2, A^i and N2 be integers satisfying A^i > mi + 1, A^2 ^ + 1, "^2 > ""^i 
and N2 > A^i. Let n G M'^^"' be an element satisfying e(n) < i. Note that it follows 
from Lemma [4.21 that the image of Wm2,Af2,x('^) norm map 

Nf^,/f^, : {F^ijp''^ {F-Jp^^)^ 

is contained in Wmi.TVi.xl'^)- Hence the following corollary follows from Lemma [4. 131 

Corollary 4.14. Let mi, m2, Ni and N2 be integers satisfying Ni > mi + 1, N2 > 

1712 + 1; m2 > mi and N2 > A''i. Then, the image of ^i,m2,N2,x projection 
Rm2,N2,x — ^ R'rni,Ni,x Contained in £i,mi,Afi,x- Moreover, if we assume Ap = and 
Ni = N2 =: A^, then the image 0/ Cj,m2,Af,x FLmi,N,x coincides with ^i^mi,N,x- 
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Now, we can define the higher cyclotomic ideals. 
Definition 4.15. We define the i-th cyclotomic ideal to be the ideal of by 

where the projective limit is taken with respect to the system of the natural homomor- 
phisms ^i,m2,N2,x — ^ ^i,mi,Ni,x integers mi, m2, iVi and N2 satisfying Ni > rrii + l, 
N2 > m2 + 1, m2 > rrii and N2 > Ni. 

4.3. We take a generator 6* G of charA^ (i?oo,x/C'oo,x) • Then, we denote the ideal 
of A^ generated by 

U rV(c^oo,x) 

(/jgHoniA^ {Eoo,xAx) 

by Ic- Note that Ic is an ideal of A^ of finite index. Moreover, by Proposition 14. 5[ 
we have Ic = A^ if the extension degree of K/Q is prime to p. 

In the rest of this section, we will prove the following theorem, which is a part of 
Theorem II. II for i = 0. 

Theorem 4.16. Let x G A 6e any character. Then, we have 

(i) c:o,x^FittA^,o(Xx)- 

(ii) (7 - \aX IcIpeJpe FittA,,(x;;) C C,;,. 

In order to prove Theorem 14. 16| by Iwasawa main conjecture, it is enough to prove 
the following Proposition 14.171 

Proposition 4.17. Let x be a non-trivial character in A. Then, 

(1) (7 - 1)'^'^ I Ap I Vp^;Jp^;/c char A^ (^oo,x/Coo,x) ^ C^x; 

(2) (Co,x ^ charA^ (-£^oo,x/Coo,x)- 

Proof. Let us prove Proposition 14.171 First, we prove the first assertion. By Propo- 
sition [331 we can take a homomorphism ip: -Eoo,x — ^ ^x '^^ finite index. This induces 
a homomorphism 

m,N,X' 

We take arbitrary elements 61 G IpE and 62 G JpB. 

Lemma 4.18. Let MOm,N.x the image of the homomorphism 
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induced by the homomorphism P^x defined in 523- Then, the kernel of the natural 
homomorphism is annihilated by (7 — !)'^'^ \ Ap\'^ IpsJpE , and there exists a homomor- 



phism Ip : MOra N ^ 



R 



m,N,x 



which makes the diagram 



N 



l-C/oo,xjr„/P ^Km,N,x 



rn,N,x 



AfO 



m,N,x 



commute. 



This lemma follows from Corollary 13.31 and Proposition 13.61 straightforward. 

Lemma [4.181 implies the first assertion of Proposition 14. 171 Indeed, since the image 
of (Coo,x)r„ in Fmlv'^ coincides with Wm,iv,x(l) by Proposition 14. 4^ we have 

(7 - l)"^5i52 ■ <^m,iv,x(the image of (Coo,x)r„) ^ ^p{Wm,N,x{^)) ^ (to,m,iv,x- 

Next, we prove the second assertion. We take arbitrary elements 5^ G annA^ (Ker 
and 82 G annA^(Coker In particular, we may take some p-powers as 5[ and 82. We 
shall construct a homomorphism 

il)s'^^5'^ G Homij„_^_^(i?„,jv,x, (^oo,x)r™/P^), 
which can be regarded as "inverse" of ^m,N,x some sense as follows. For each 
X G Rm,N,xy ^c take y G (-E'oo,x)r„/p^ such that 

^m,N,x{y) = (7 - ir^^%X. 

Then, we define 

ijs'„s',{x) := (7 - ir^/%y G {E^,x)rjp''. 
The definition of is independent of the choice of y, and 'ips^^si, is contained in 

^omR^^^^{Rm,N,x, (^oo,x)r,Jp^). 

Let / G T-Lm^N^x^n) be an arbitrary homomorphism. Since Rm,N,x is an injective 
-Rm,7V,x-inodule, there exists a homomorphism /: {F^/p^)^ — > Rm,N,x whose re- 
striction to Wm,Af.x(l) coincides with /. Then, we have an element a G Rm,N,x which 
makes the following diagram 



(^oo,x)r„/P 



N 



(7-l)"x<5^5^,-i 



^m,N,x 



(Coo,x)r„/P^ 

Wm,N,xi^) 
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commute, where the right vertical arrow xa is the scalar multiplication by a, and 
maps i: (Coo,x)r,„/p^ — > (^oo,x)r,„/p^ and j: {C^,^)r^/p^ — > W„,iv,x(l) are the 
natural homomorphism. From this diagram, we obtain 

(7 - ir'^S[6'JiWm,NM)r^/p'') = a^^,M,x ° ^((Coo,x)r™/p^). 

Since the characteristic ideal charA^ {Eoo,x/^oo,x) is a principal ideal of not con- 
taining neither p nor 7 — 1, the second assertion of this proposition follows. □ 

5. Kurihara's elements for circular units 

In this section, we recall some basic facts on the Euler system of circular units, 
and define some elements Xm,Niji)^ of {F^Ip^)x^ which are analogue of Kurihara's 
elements in |Kuj . 

5.1. Let X £ ^ be a character. Recall we put Rm,N '■= ^/p^[Gal(Fm/Q)] and 
Rm,N,x •= Rm,N ®Zp[A] O^. Here, for each i G Sn, we shall recall the definition of two 
homomorphisms 

[■Ym,N,x ■■ iK/p'')x Rm,N,x (cf- Definition , 

¥m,N,x ■ (K/P'')x Rm,N,x i^L Definition E^]) , 

which are important in the induction part in the Euler system arguments. The 
homomorphism [■]m^Ar_^ is defined by the valuations of the places above i, and <i>m,N,x 
is defined by the local reciprocity maps. 

First, we define ^r^^,. Let F be an algebraic number field. We define 

Xp := Div(Spec(CF)) 

to be the divisor group, and we write its group law additively. We define the homo- 
morphism {■)f'- — yXp by 

{x)f = ^ordA(x)A, 

A 

where A runs through all prime ideals of Op, and ordx is the normalized valuation of 
A. For any prime number £, we define Ip to be the subgroup of Xp generated by all 
prime ideals above £. Then, we define F^ — Xp by 

(^)f = X]ordA(x)A. 

X\£ 

Recall that we fix a family of embeddings { £q : ^ j^iprimo (cf. §1 Notation). 

We denote the ideal of F corresponding to the embedding i^lx hj ip for each prime 
number i and algebraic number field F. Assume F/Q is Galois extension, and £ 
splits completely in F/Q. Then, Xp is a free Z[Gal(F/Q)]-module generated by £p, 

and we identify with Z[Gal(F/Q)] by the isomorphism l: Z[Gal(F/Q)] ^^Xf 
defined by x 1 — > x ■ £p for x G Z[Gal(F/Q)]. We also denote the composition map 

F- ^X'p^ Z[Gal(F/Q)] by {-Yp. 
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Definition 5.1. We define the i?m,Ar,x"lic»niomorphism 

to be the homomorphism induced by : — )■ Xp^. Let £ G 5jv be any element. 
We define the i?m,Af,x"homomorphism 

to be the homomorphism induced by {-Yp^ ■ — > Z[Gal(F^/Q)]. 

Second, we will define 0^,7v,x- ^ ^ he any element. Since we assume 
N > m + 1, the prime number £ splits completely in Fm/Q, and we have Fm,\ = Qe 
for any prime ideal A of F^ above i. We regard the groups 0x|^ x ^^"^ ©a|€ 
are regarded as Z[Gal(Fm/Q)]-modules by the identification 

x\e 

respectively. Here, we regard as a Z[Gal(F^/Q)]-modules on which Gal(F^/Q) 
acts trivially. We denote by 

'pQi ■ Qe Gal {Qiifie)/Qi) = Gal (Q(/i^)/Q) = 

the reciprocity map of local class field theory defined by 

0q.(^) = (%m.),Q(a^^)/Q)- 

In this paper, we define the homomorphism 

<I>L-F^ Z[Gal(F^/Q)] ® 

to be the composition of the three homomorphisms of Z[Gal(F^(yU.„)/Q)]-modules: 

diag: i^^— ex|,i^^,A, 

^h' ■■ ©AK Hi — Z[Gal(F„/Q)] ® He, 
which are defined as follows: 

(1) the first homomorphism diag is the diagonal inclusion; 

(2) the second homomorphism ©0q^ is the direct sum of the reciprocity maps; 

(3) the third isomorphism is the inverse of the isomorphism 

LH : Z[Gal(F„/Q)] ®H,^ 0^,, = X^^ ® H,, 

which is induced by the above isomorphism l: Z[Gal(F^/Q)] ~ > Xp^ given 
by X I — )■ x-lpm- 
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Definition 5.2. Let i & Sn he any element. We define 

to be the homomorphism of -Rm,Ar,x"i^oduIes induced by 0^. Tlie clioice of a generator 
ai of if^ induces the i?m,Af,x"homomorphism 

0U,x ^ iF^/p'')x — Z[Gal(F^/Q)]^ = 

The following formulas on Kolyvagin derivatives are well-known. 

Proposition 5.3. Let n he an integer contained in Mn- Let d G Z>i he an integer 
dividing cind a eIj an integer coprime to p. For simplicity, we denote ^^^(ri) or 

(1) If X is a prime ideal of K not dividing n, the X-component of [i^*{n)y.]m,N,x ^■^ 
0. In particular, if q & Sn is a prime numher not dividing n, we have 

['^'("')x]m,7V,x = 0- 

(See |Greij Lemma 3.6 and |Ru2j Proposition 2.4.) 

(2) Let I he a prime numher dividing n. Then, 

[«^'(^)x]m,iV,x = 0m,JV,x('^*("'/^)x)- 

(See {Greij Lemma 3.6 and |Ru2j Proposition 2.4.) 

(3) If n is well-ordered, then 

for each prime numher ^ dividing n. (See [MRj Theorem A. 4.) 

5.2. In this subsection, we will define the Kurihara's elements Xy^q G (F^/p^)^ which 
become a key of the proof of Theorem I7.1[ 

We fix circular units 



for any m G Z>o and any n G Z>i with (n,pfx) = 1, where r G Z>o, Ud and Wj are 
elements of Z[Gal(Fm/Q)] for each positive integers d and i with c?|fx and 1 < « < r, 
and ai, ■ ■ ■ , are integers prime to p. Here, we assume that r, ai, ...,0^, Wd's and 
f j's are constant independent of m and n. Then, we put 



Note that Hm,N{v>x) is the Kolyvagin derivative of the Euler system 

of circular units. If no confusion arises, we write K{n) = i^m,N{fl'i ^) simplicity. 
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Definition 5.4. Let qu = qY[i=i^i ^ -^n, where q,ii, . . . ,£r are distinct prime 
numbers. For any e G Z>o dividing z/, we define ii{e,q} G (-^m/P^)x ® i'S)e\d^() 

^|e 

Let gz/ G JVn and assume gi/ is well-ordered. Assume that for each prime number 
i dividing u, an element we G Rm,N,x ® Hi is given. Then, we have an element 
We G Rm,N,x such that we = wg ^ ae- Note that we will take {we}e\i, explicitly later, 
but here, we take arbitrary one. For any e G Z>o dividing z/, we define 

W^e := e Rm,N,x ® ( ■ 

£|e £|e 

We also define the element Wf, G Rm,N,x by ti'e = "U^e ® ( (S)^|e "^^j • 

Note that we write the group law of (F^/p^)^ (g) {<S)e\eHi) multiplicatively. 
Definition 5.5. We define the element x^^q by 

Note that we naturally identify the -Rm,Af,x"Uiodule {F,^/p^)x ® ((SJ^ie-^^) with 

Rrr.,N,x ® ((g)i^.) (i^^/p'^)x- 

The element Xu,g G {F^/p^)x is defined by x^,, = Xu,q ® (0£|i^cr^)- 

The following formulas follows from Proposition 15.31 straightforward. 

Proposition 5.6 (cf. [Kuj Proposition 6.1). Let qv G Mn and we assume that qv is 
well-ordered. 

(1) If X is a prime ideal of K not dividing n, the X-component of [xu^q]m,N,x ^■^ 0. 
In particular, if s is a prime number not dividing qv, we have 

(2) Let I he a prime number dividing v. Then, we have 

(3) Let I he a prime number dividing v. Then, we have 

¥m,N,x^^v,q) = Wi(l)L,N,xi^-y/e,q)- 

6. Chebotarev Density Theorem 

Recall that we fix a family of embeddings { i^: }^;prime satisfying the 

technical condition (Chb) for families of embeddings as follows: 
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(Chb) For any subfield F G Q which is a finite Galois extension of Q and any 
element o G Gal(F/Q), there exist infinitely many prime numbers i such that 
i is unramified in F/Q and {£f,F/Q) = a, where ip is the prime ideal of F 
corresponding to the embedding £q|f- 

Note that the existence of such a family of embeddings follows from the Chebotarev 
density theorem. We need the condition (Chb) in the proof of Proposition 16.11 

Let X G A be any element. Recall that we denote the restriction of x to Aq by Xo; 
and we put 



ifx(p)^l; 
2 ifx(p) = l- 



Here, we shall prove Proposition 16. which is the key of induction argument in the 
proof of Theorem 17. 1[ This proposition corresponds to Lemma 9.1 in |Ku] . 

Proposition 6.1. Let x ^ ^ be a non-trivial character. Assume qn = qYVi=i^i ^ 
JVn, where q,ii, . . . , ir are prime numbers. Suppose the following are given: 



• a finite Rm,N,x'Submodule W of {F^/p'^^ 

• a Rm,N,x'h(^''^omorphism ip: W ^ Rm,N,x- 

Then, there exist infinitely many q' G iS^v which splits completely in Fm(/i„)/Q, and 
satisfies all of the following properties. 

(1) the class of q'p^ in A^.x coincides with the class of |Ap| ■ qp^. [Recall that we 
write the group law ofXp additively.) 

(2) there exists an element z G {F^ ® ^p)x such that 

• </'m,7V,x(^) = f^'^ ^^^^ i = l,...,r. 

(3) the group W is contained in the kernel of [■]'^,n,x' 



'X' 



for any x G W . 



Proof. Proof of this proposition is essentially the same as those of Lemma 9.1 in |Ku] 
though we have to treat carefully when |Ap| 7^ 1. We shall prove this proposition in 
four steps. 

The first step. Let f be a prime ideal of F^- We denote the ring of integers of the 
completion Fm^y of F^ at v by and define the subgroup Op^^ of Op^^ by 

^L,. ■= {x \x = l (mod m^)}, 

where is the maximal ideal of Cf™,„- We denote the residue field of Fm at v by 
k{v). Let Fm{n} be the maximal abelian p-extension of F^ unramified outside n. By 
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global class field theory, we have the isomorphism 

^ — O Zp ^ Gal [F^{n}/F^), 

m 

where u runs all finite places outside n. This isomorphism induces the homomorphism 

i-- ©.|„^M^®^P -Gal(F^M/F^). 

Taking the X-Quotients, we obtain the homomorphism 

: ( e.|n ® Zp)^ — Gal {FM/Frn)^ 

of Zp[Gal(Fm/Q)] ^-modules. We denote by Fm{n}^ the intermediate field of Fm{n}/F„ 
with Gal {Fjn{n}^/Fm) = GaA{Fm{n} / Fjn)x- Recall n = YYi=i^iy and all prime divi- 
sors ii of n split completely in F^/Q. By local Artin maps, we obtain the isomorphism 

( e.|n ® ^p)x — e:=i (Zp[Gal(F™/Q)]^ ■ V^) ® He^, 

and we identify them by this isomorphism. 

Let L := Fm{n};^i^'(/i„p]v) be the composition field. Note that the cokernel of the 
natural homomorphism 

Gal(L/F^) Gal(L/F^)^ x Gal(L/F^)i 

is annihilated by |Ap| since x 7^ 1- Since the subgroup A of Gal(i^m/Q) acts on 
Gal (i^m{^}x/-^m) via Gal [Fm{n}^/ Fm) is a quotient of Gal{L/ Fm)^- On the 
other hand, since A of Gal(F„/Q) acts on Gal {K{fi^pN)/ F^) via the trivial character, 
Gal (-R'(/i„piv)/Fm) is a quotient of Gal{L/ Fm)i- Then, the cokernel of the natural 
homomorphism 

Gal(L/F„) Gal (F^{n}^/F„) x Gal (ir(/i„piv)/F„) 

is annihilated by |Ap|. Then, we take an element a G Gal (^L / K {fi^p^)^ such that 



The second step. We fix a finite -Rm,,x"Submodule W of F^/p^ whose image in 
{F^/p^)^ is W . By Corollary 13. 3 [ we take a homomorphism ip G Hom^,^^ Ar(W, Rm,N) 
which makes the diagram 



W 



m.N 



commute. We define a projection pr: Rm,N — > Z/p^Ij by 

^ agQ I — > fll, 
(?eGal{F„/Q) 
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where ag e Z/p^Z for all g e Gal(F^/Q), and 1 e Gal(F^/Q) is the unit. This 
projection induces an isomorphism 

P : Hom^^^ ( W, Rm,N) Hom( W, Z/p^Z) 

given by / i — > pr o f. We define a homomorphism 

(PV^)i: W ^l^pN 

of abclian groups by x i — > (^pN^^'^^^^\ 

We denote the image of W in K{fipN)^ /p^ by W. Let M be the extension field 
of K{jipN) generated by all p^-th roots of elements of K{npN)^ whose image in 
K[iipN)^ /p^ is contained in W". So, the Kummer pairing induces the isomorphism 

Kum: Gal {M/K{i^pN)) Hom(>V', ^ipN). 

Note that the complex conjugation c acts on H^(^K{iipN)/Fjn, IJ>pn) by —1, and c acts 
on F^/p^ trivially. So, the group {K{^pN) / F^, fXpU^ vanishes, and the natural ho- 
momorphism F^/p^ — >■ K{^pN)^ /p^ is an injection. This implies that the natural 
homomorphism 

i: W W 

is an isomorphism. We take A e Gal^M / K{^pN)) such that 

r oKum(A) = {Pi^)i. 

The third step. Recall that LM/K{fipN) is an abelian p-extension, so we regard 
Gal (LM/i^r(/ipjv)) as a Zp[Gal (i^(/ipjv)/Q)]-module. We have the natural isomor- 
phism: 

Gal {LM/K{iipN)Y -Gal {LM / K{iipN)) ^ x Gal {LM/K{i^pN))_, 

where Gal {LM / K{iJLpN)^ ^ (resp. Gal [LM/K{ijLpN)) _) denotes the maximal quotient 

of Gal [LM I K^jjLpN)^ on which the complex conjugation c acts trivially (resp. by — 1). 
We put A := Gal (Q(/tip)/Q), and regard A as a subgroup of Gal (Q(/ip-¥)/Q) . Note 
that on the one hand, Gsl[L/ K^jipN)) is a quotient of Gal (^LM/K{fipN_)^ _^ since 

A acts trivially on Gal {L/K^jipN)). On the other hand. The complex conjugation 
c acts on Gai^M / K[jipN) by —1 since A acts on Gal {^M / K [jj,pN)^ via the character 
X~^a;. This implies Gal(M/K(/Xpjv)) is a quotient of Gal {^LM / K^iipN)^ _. Therefore, 
the natural homomorphism 

Gal{LM/K{iipN)Y ^Gsl{L/K{iipN)) x Gsl{M / K{iipN)) 

is a surjection. By the condition (Chb), there exists infinitely many prime numbers 
such that 

Wl,L/K{^pn)) = a 
{q'^,M/K{f,p.))^X-\ 
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The fourth step. Here, we prove that each of such q' unramified in L/Q satisfies 
conditions (l)-(3) of Proposition [GTTl First, we show q' satisfies conditions (1) and (2). 
Let a = {ay)v G A^^ be an idele whose g^^-component is a uniformizer of -Fm,g^ , 
and other components are 1. Let (3 = {(3^)^ G be an element as follows. The 
components above q are given by 

v\q 

where uniformizer of F^^qp^, and = 1 otherwise. For all places v of Fm, 

not above q, we put (3^ = 1. 

By definition, ideles a and /3 have the same image in the group 



Zj ~Gal(F^{n}^/F^). 

/ Y 



This implies there exist z G (F^ ® Zp)^ such that 

a = ./3 in (((11 ^^./^L J X i®F^JOLJ)®^^ 

v\n u\n 

Hence, we have {z)f^^^ = {q'p,^ - | Ap| ■ qFm)x^ and 0^,7v,x(^) = fo'^ ^^^^ i = 1, . . . , r. 
Obviously, the prime number q' satisfies conditions (1) and (2). 

Next, we shall prove q' satisfies condition (3). Recall that we have 
So, by definition of A, we have 

for any x where we put 

Fr,, := (g;„M/ir(/ip^)) G Gal (M/ir(/ip^)) , 

and x^^'P^ G L is a p^-th root of x. Since q' is unramified in M/Q, the group W is 
contained in the kernel of [-I^.a^.x- S*^' obtain 

Cp.v^(^)(^) ^ (mod q'). 

We can take the unique intermediate field F of Fm{fiq') / Fm whose degree over Fm 
is since g' = 1 (mod p^). We denote the image of aq/ G i/g' in 

Hq, ®z = Gal(F/F^) 
by (Tg/. Let vr be a uniformizer of Fgi^. By definition of aq/, we have 

7rV~^ = Cpiv (mod trig'), 
where nXg/ is the maximal ideal of Fqi^. Recall that W is contained in the kernel of 



]m,iv,x- We put 



(f){x) := a^r-^'^'^ ' G Gal(F/F„ 
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By [Si] Chapter XIV Proposition 6, we have 
for all X G W. Hence, we obtain 

for all X G W. Therefore q' satisfies condition (3) of Proposition 16.11 □ 

7. EULER SYSTEM ARGUMENT VIA KURIHARA'S ELEMENTS 

In this section, we prove the assertions of Theorem II. II on the upper bounds of the 
higher Fitting ideals by using Kurihara's Euler system arguments established in |Kuj . 
Let us state the assertions of Theorem 17.11 which is the goal of this section. Let the 
ideals Ips and JpE of be as in Proposition 13. 6[ the ideal Ic as in §4.3[ and the 
A^-submodule Y of as in Proposition 13.91 We denote the ideal of A^^ generated 
by 2-th power of elements of annA^(y/(7 — 1)X)^ by Jj for each i G Zij>o. The goal 
of this section is the following theorem. 

Theorem 7.1. Let x ^ ^ be a non-trivial character. Then, we have 

(i) c:o,x^FittA^,o(x;). 

(ii-0) (7 - l)"'^ I Apl' IcIp^Jp^ FittA„.(X;;) C (E,^^. 



ii-t) (7 - l)"'^ |Ap|''+'' IJcIp^^Jp^^ FittA^,i(X; ) C (ti^^ for any z G Z>i. 



In particular, we have 



(i) €o,^ -< FittA^,o(Xj. 

(ii-0) (7 - 1)'^'^ \aX FittA„^(x;;) C 



ii-^) (7 - l)'^'^ |Ap|'+^'FittA„i(X^) -< for for any % G Z>i. 



The assertions of Theorem 1 1.1 1 on the upper bounds of the higher Fitting ideals are 
special cases of Theorem 17.11 

Corollary 7.2. Assume that the extension degree of K/Q is prime to p, and x ^ A 
is a character satisfying x{p) 7^ 1- Then, we have the following. 

(i) Co,^cFittA„o(x;;). 

(ii) annA^(X^,fin) FittA^,i(X^) C for any i G Z>o. 



Proof. Here, let us deduce the corollary from Theorem 17. 1[ Under the assumption 
of Corollary 17.21 we have |Ap| = 1, and we can take Ii = Ic = IpE = A^ and 
JpE = annA^(X^,fin) by Proposition 13.71 Proposition I3.1UI and Proposition 14.51 The 
corollary follows from these results. □ 
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7.1. We spend this subsection on the setting of notations. We assume that x ^ ^ 
is non-trivial. Let m^^ be the maximal ideal of A^. Recall that we denote by ^x,fin 
the maximal pseudo-null submodule of X^, and put X'^ := X^/X^ fin- Since has 
no non-trivial pseudo-null submodules, we have an exact sequence 

(5) — .a^^a;^^x; — -0, 

by Lemma I^TTl Let M be the matrix corresponding to / with respect to the standard 
basis (ej)jL]^ of A^. We may assume that all entries of M are contained in m^. In 
particular, we have 

(6) — aBj ^ Ker g 
for all z, j G Z with 1 < i ^ j < h and all a G A^. 

Let {nil, ...,mh} and {ni,...,nh} be permutations of {l,...,h}, and let i be an 
integer satisfying 1 < i < h — 1. Let us consider the matrix Mj which is obtained from 
M by eliminating the n^-th rows (j = 1, and the rrik-th columns {k = 1, If 
det(M() = 0, this is trivial, so we assume that det(Mj) ^ 0. If necessary, we permute 
{mi, ...,mj}, and assume det(Mr) ^ for all integers r satisfying < r < i. 

We fix a sequence {iV'm}mgz>o of positive integers satisfying N^+i > > m + 1 
and p^"" > \Am\ for any m G Z>o. First, we fix a sufficiently large integer m. For 
simplicity, we put F := Fm, R ■= Zp[Gal(Fm/Q)]x5 N := and Rn '■= Rm,N,x = 
Z/p^[Gal(Fm/Q)]x- From the exact sequence we obtain the exact sequence 

^R^ ^-^R^ ^^X'^ -0, 

by taking the Fm-coinvariants. Let Am,xfin be the image of X^^gn in A^^x by the 
natural homomorphism 

X^ ^ Xr,n,x ^ ^rn- 

We put A'j^^^ := Am,x/ ^?in,x- The image of in R^ is denoted by e^^\ For each i G Z 
with 1 < i < h, we denote by Cr™'' G A'^ ^ the image of e^™^ by the homomorphism 

R^ X'^^^^ — ^ A'^. 

We fix a lift Cr*"^ G ^m,x of c"r"'\ The condition ([6]) and Proposition 13.91 implv that 
if necessary, we replace m with larger one, and we may assume Cr™'' 7^ c^I^^ for any 
r, s G Z with 1 < r, s < h and r ^ s. If the extension degree of -fC/Q is divisible 
by p, then we additionally assume that cl"^ ^\W- ct^ for any r, s G Z satisfying 
1 < r, s < h. We define 

P;:={f g5^ I [4]x=|A,| 
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where [CfIx ideal class of dp in Am,x- By the condition (Chb), note that Pr and 

are not empty for all r. We define a set P of prime numbers by the union 



p := ]J(p. u p;) 



and we denote by Pp the set of all prime ideals oi Op above primes contained in P. 

Let J be the subgroup of Ip generated by Pp, and J the image of ( J ® Zp)^ in 
(Xp (g) Zp)^. We denote by J-" the inverse image of J by the homomorphism 



. (P> 



Z, 



(Xf ® Z, 



We define a surjective homomorphism 

a: J 



by ip (resp. i'p h-). | Ap| ■ ) for each I E Pr (resp. ^ G P^') and r with 1 <r <h. 
We define 



ttr- := pr^ o a: J 



R 



to be the composition of a and the r-th projection. We consider the following diagram 



7- 







R' 



J 



R' 



in,x 



0, 



where la is induced by the canonical homomorphism. We fix a non-zero element e e 
anuA^ (1^/(7 — 1)-^)- By Lemma [3. 9 [ we can define the homomorphism /3: J-" — > R^ 
to make the diagram 



(7) 







I 

Y 

R^ 



(■)f,x 



J 



R' 



A' 



X,im 







commute, where vr^ is the natural homomorphism. Note that since the second row of 
the diagram is exact, /3 is well-defined We define 

Pr := pr, o /3: P^ R 

to be the composition of /3 and the r-th projection. We consider the diagram ([7j) by 
taking (- (g)Z/pZ). 

We regard (P^/p^)^ as a A^-module. For an element x G {F^ /p^)^ and 6 G 
annA^(X^,fin), we denote the scaler multiple of x by 5 G A^^ by x^. 



We need the following two lemmas, namely Lemma 17.31 and 17. 4[ 
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Lemma 7.3. The kernel of the natural homomorphism 

is annihilated by |Ap|. 

Proof. Let x be an element in the kernel of the homomorphism 

and X a lift of x in J-". Then, there exists y G l^p such that x = j/^^^. Note 
that all Zp-torsion elements of (Xp (8)Zp)^/j7' are annihilated by | Ap| by Corollary 13.21 
since the Zp-module {Ip (8> Zp)/{J (g) Zp) is torsion free. Since (5;)f,x ^ '^^ have 
^ Therefore we have y'^f' G J", and we obtain x'^f' = 1. □ 

We denote the image of the natural homomorphism ljt j^: T/p^ — > [F^/p'^)^ by 
^TV- By Lemma [7. 3 [ there exists an i?jv-homomorphism 

Pr,N '■ N ^ Rn 

which makes the diagram 

J-7V 

I 

y 

Rn 

for each integer r with 1 < r < h, where Pr,N'- J^/p^ — > Rn is the homomorphism 
induced by Pr- 

Lemma 7.4. Let [■\f,n,x'- (F^/p^)^ — > {Xf/p^)x be the homomorphism induced by 
{■)f- F^ — yZp- Let X be an element of [F^ /p^)^ such that [x\f,n,x ^ J Iv^ ■ Then, 
for any b G annA^(X^,fin); the element x^^^^'^ is contained in Tn- 

Proof. Recall the natural exact sequence: 

^ V ^ If 8) Zp ^ ^ 0, 

where V is defined by V := {F^ /Op) ®Zp. By the snake lemma for the commutative 
diagram 

^ V ^ If ® Zp ^ Am ^ 

xp^ xp^ xp^ 

^ V ^ If ® Zp ^ Am ^ 0, 

we obtain the following exact sequence 

^Am V/p^ -Xp/p^ ^Am 0. 

(Recall we take p^™ > \Am\-) 
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Let Bm be the image of J ® Zp in Am, and Vo C V the inverse image of J ^ Zp. 
Then, we have the exact sequence 

Vo J ® Zp Bm 0, 

and by a similar argument as above, we obtain the exact sequence 

fi^ Vo/p'' J/J9^ Brn 0. 

Now, we obtain the commutative diagram 

(8) ^Bm Po/P^ J/p"" Bm 

P P P P 

Am ^ V/p" Xf/p'' ^Am 

whose two rows are exact, and the vertical arrows are injective. Let 5 be an arbitrary 
element of axm^{Am/ Bm)- Let x be an arbitrary element of V/p^ satisfying [x\n € 
J Ip^ . Let us show that is contained in V^/p^ . By the diagram ([8]), there exists 
an element y G Vo/p^ satisfying [x]^ = [y]N- Since [xy~^]N- = 0, the element xy~^ is 
contained in the image of A^- Since SA^ is contained in B^,, {xy~^Y is contained in 
the image of Bm- In particular, we have {xy'^Y G Vo/p^ , and we obtain x^ G Vq/p^ . 
Combine this result with Lemma [3. we obtain the lemma. □ 

We define the i?Ar-submodule ^'^ of (F^/p^)^ by 

:= {xl^''!' I X G Tn}. 
By the first row of the diagram ([HD, we obtain the following corollary. 
Corollary 7.5. The order of the kernel of [■]m,N,x'- -^'n — ^ J jp^ is finite. 

Proof. Let Vq C {F^'/Op) ® Zp be as in the proof of Lemma El We denote the 
inverse image of Vq by the natural homomorphism 

®Zp ^V = (FVC^) ®Zp 

by Vq. Note that the kernel of the natural homomorphism 

prPo,N: Vq/p'' -Po/P^ 

coincides with the image of O^/p^ in Vq/p^ . So, Kerpr^^ has finite order. The top 
row of the diagram ([8]) implies that the kernel of the homomorphism 

induced by the natural homomorphism [■]m,Ar: F^/p^ — y {J/p^)x has finite order. 
Then, the kernel of the composite map 

[■]'m,N°P^Vo,N--ro/p''^iJ/p''k 

is finite. 
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Let us consider the commutative diagram 



(9) 



(^o/r )x ^ {J/p ) 



of natural homomorphisms. Lemma 13.11 implies that the Coker Li is annihilated 
by |Ap|^. By Corollary I3.3[ it follows that Keri2 is annihilated by |Ap|^. The 
finiteness of the kernel of [-jm.Ar ° Wvo,n ^'^'^ Corollary 13.31 imply that the order of 
|AprKer([-]'^^ 

N ° Wvo,n)x is finite. Hence we obtain the corollary by chasing the 
commutative diagram (Q. □ 



Let n be an element of A/jv whose prime divisors are in P. We define Pp to be the 
set of all elements of P dividing n. We define J„ to be the subgroup of J generated 
by Pp, and the submodule J'n^N of J /p^ the image of J„ ® Zp in J /p^ . We denote 
by ^n,N the inverse image of Jn,N by [■]m,x'- i^^/P^)x — ^ J /v'^ ■ Then, we define 
the i?7v-sub module ^^Af {F^/p 



T' 



J'n.N ^ J' M 



n,N ' ' ]\f- 

Note that is a finite -RAr-submodule of {F^ /p'^) 
For each integer r with 1 < r < h, let 

Oir,N '■ Jn,N ^ Rn 

be the _RAr-homomorphism induced by a^- We put 

h '■= il3s,N)s=l '■ -Fn 

Then, we obtain the commutative diagram 



by Corollarv 17.51 



R 



R 



h 

N- 



(10) 



F' 



TDh 



Jn.N 

|Ap|e-ajv 



of i?7v-niodules. 



7.2. Let 5a be a non-zero element of annA^(X^ gn). In this and the next subsection, 
we write (j)^ in place of 4>m,N,x simplicity. Here, as in |Ku] . we shall take the element 
Xu,q £ {F^ /p^)x which is defined in Definition 15.51 to translate Pr to homomorphisms 
of the type 0^. Recall the element x^^g G {F^/p'^)^ is determined by rj, q, z/, and 
{wi}e\u- We shall take them as follows. 

First, let us take a prime number q by the following way. For each integer r with 
1 < r < /;,, we fix a prime number ^ Pur- We put Q := Y[r=i 1r ^ -^n- We fix 
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a homomorphism : E^o^x — ^ A^-modules with pseudo-null cokernel. By the 

Iwasawa main conjecture, we have 

¥p(C'ooJ=det(Mo)-/^(£;;C), 

where C'ocx image of Coo,x in ^oa,xi Iip{E;C) is an ideal of A^^ of finite 

index. We fix an element 6^, G I^{E]C). Then, we fix a family {rjm)m>f) G Coo,x of 
circular units which is defined by A^-linear combination of basic circular units, and 
satisfies ^{{rim)m>o) = ^v'det(Mo). We write 



where r is a positive integer, ai,...,ar are integers prime to p, and Ud and Vj are 
elements of A^^, for each positive integers d and i with (i|fx and 1 < i < r. Here, 
we assume that r, oi, ...,0^, m^'s and fj's are constant independent of m. As in the 
previous section, we fix m in this and the next section, and put rj := rjm for simplicity. 

Let (^iTTv.x- (-^oo,x)r,„/P^ — ^ FLn be the induced homomorphism by ip. Recall that 
in the proof of Proposition 14.171 we define NO := J^Om,N,x be the image of the 
natural homomorphism 

We fix non-zero elements 61 G Ips and 6j G JpB . By the same argument as in Lemma 
I4.18[ there exists a homomorphism ip: MO i?Ar which makes the diagram 



(^_l)-x.5^5j|Ap|*-<^F,]v,x 



'N 



'^m,N,xil)' ^^fO 



commute. By Proposition 16. we can take a prime number q G Sn satisfying the 
following two conditions: 

(ql) gei^^^,andg^gi if Ap = 0; 

(q2) AfOm,N,x is contained in the kernel of [-I^.a^.x; ^ ^ ■N'Om,N,xi 

4>'^{x) = \A/i,{x). 

In particular, we have 



Next, let us take v and First, we consider f3mi,N- ^Qq,N — ^ R-n- By 

Proposition 16. H we can take £2 £ '5jv which splits completely in F{fiq)/Q, and satisfies 
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£2 eP^,,£^g2 and 

= |Ap|'-/3„,,^(x) 

for all X G ^Qq^N- We put Vi := 1. 

In the case i = 1, we put u := ui = 1, and x^^q = Xi^q = Hm,N{v'^l) = ^{q)- It 

' (5 lA I** 

follows from Proposition 15.61 (1) and Lemma [7.41 that x^^ is an element of J^Qqi^j- 

Suppose i > 2. To take u and {w£}e\u, we choose prime numbers ir for each r with 
2<r<2 + lby induction on r as follows. Let r be an integer satisfying 2 < r < i + 
Suppose that for each s with 2<s<r — l,we have chosen distinct prime numbers 
is £ <Sn which splits completely in F{fiq^^_-^)/Q. We put z/^-i := 111=2 ^s- We consider 
the i?Ar-linear homomorphism 

Applying Proposition l6.lt we can take i^ £ Sjsi which splits completely in F{iiqy^_^)/ Q, 
and satisfies the following conditions: 

(xl) 4GP^^,and4^g, if Ap = 0; 

(x2) there exists hr G (F^ ® Zp)^ such that {br)F,x — i^r,F — \^p\ ■ Qr,F)x ^^"^ 

V^ibr) = for any s with 2 < s < r; 
(x3) (j)^^{x) = \Apf ■ Pm,^,,N{x) for any x G pQqy^_^,N- 

Thus, we have taken ^2, • • • Ai+i^ and we put u := Vi = Y[l=2^r G -^n- For each r 
with 2 < r < i, we put 

wg^ := -(p^^iK) G Rn^H^,, 
and we obtain Xi,^q G (F^/p^)^. It follows from Proposition 15.61 (1) and Lemma [7.41 
that element of J^Qq^j^- Note that qu is well-ordered. 

7.3. In this subsection, we observe two homomorphism a and (3 by using x^^q, and 
describe det(Mj) in R^. First, we prepare the following lemma. 

Lemma 7.6 (cf. |Kuj Lemma 9.2). Suppose i >2. Then, 

(1) Am._i,jv(a;^fj^"'") = for all r with 2<r<i; 

(2) aj,N{[xu,q]m,N,x) = for any j 7^ ni, n^. 

Proof. The second assertion (2) of the above lemma is clear by Proposition 15.61 (1). 
Let us prove the first assertion. We define an element i/r G (F^/p^)^ by 

yr = X.,qflbf'^^^^-^^^ 
s=r 

for any r satisfying 2 < r < i. Note that we have (yN{[br]m,N,x) = fo^ any r satisfying 
2 < r < i since we have (&r)F,x = {^r,F — \ Ap\ ■ 1t,f)x ^^^d £ -P,^^- By definition of 
/3, we have /3(6r) = for any r satisfying 2 < r < i. So, we have 
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~ (5 I ^ I ^ 

for any r with 2 < r < i. Let us show Pmr-i^NiVr ) = for any integer r satisfying 
2 <r <i. By Proposition 15.61 (1), we have [yr]F,N,x ^ Jqqvr-i- Then, by Lemma [731 
we have t/^'^'^''' e J-'Qqur-i,N- Therefore, we obtain 

by the condition (x3). Since (j)^'~{bs) = for all integers s satisfying r + l<s<2by 
the condition (x2), we have 

By Proposition 15.61 (3). we have 

= 0. 

Therefore, we obtain 

□ 

The goal of this subsection is the following proposition. 

Proposition 7.7 (cf. |Kuj p. 44). The following equalities of elements contained in 
Rjy holds. 

(1) We have 

5^|Ap|^°det(M)0^^(xi,,) 

= ± |Ap|'° (7 - l)''^5ASl5j€det{M^)^F,N,x{{Vrn)m>o). 

(2) We have 

6a |Ap|^°det(M,_i)0^'-+Ha;..,,) = ± \AXUAedet{Mr)^'^{x,,._,,,) 
for any r with 2 < r < i. 

The signs ± in (1) and (2) do not depend on m. 
Proof. For each r satisfying 1 < r < i we put 

:=|Ap|£a^(x,,,,l^^l"^^)e<, 

and regard them as column vectors. Then, by the commutative diagram (1101) . we 
have y^*^) = Mx^'^) in R%. 
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We first prove the assertion (1) of the above proposition. Note that 5^1 |Ap|^ times 
of xi^q = K{q) is an element of J^q^N, and we have 

= \ Ap\^^ (7 - ly^'dASlSje ■ <^F,N,x{iVra)m>o)- 

Note that the first equation follows from the condition (ql) and definition of a, 
the second one follows from Proposition 15.31 (2), and the third one follows from the 
condition (q2). Let M be the matrix of cofactors of M. Multiplying the both sides 
of y(i) = Mx(i) by M, and comparing the mi-st components, we obtain 

\A/' (7 - ir-6ASi6jedet{M,)^F,N,x{iVm)m>o) 
= det(M);g„,,^(xi,,l^-l"^^). 

By condition (x3) for £2, we have 

and the assertion (1) follows. 

Next, we assume ^ > 2, and we shall prove Proposition 17.71 (2). The proof is 
essentially the same as the proof of assertion (1). It is sufficient to prove the assertion 
when r = i. We write x = x*^*^ and y = y*^*-*. Let x' G be the vector obtained 

from X by eliminating the rrij-th rows for j = l, — 1, and y' the vector obtained 
from y by eliminating the rifc-th rows for k = 1, — 1. Since the m^-th rows of x 
are for all r with l<r<2 — Iby Lemma [7.61 (1). we have y' = Mj_ix'. We assume 
the m^-th component of x' corresponds to the m^-th component of x, and the n^-th 
component of y' corresponds to the n^-th component of y. By Lemma 17.61 (2) and 
Proposition 15.61 (2). we have 

y'=|A,|^^W(x.,_„,)el?), 

where (e',^"^)fri+-^ denotes the standard basis of -R^"*^^ 

Let Mj_i be the matrix of cofactors of Mj_i. Multiplying the both sides of y' = 
Mj_ix' by M(_i, and comparing the m^-th components, we obtain 

|Ap|^'5A£det(M,)0^'(x,,_,,,) = det(M,_i);9m.,Jv(x.,,l^-l'°'-^). 
By condition (x3) for and since xf^ ^ is an element of J^Qqu^N, we have 

|Ap|'/3^,,^(x,,,l^-l'"'^^) = \A/'6a^''^'M. 
Here, the proof of Proposition 17.71 is complete. □ 
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7.4. Now let us prove Theorem 17.11 It is convenient to use the following notion of 
convergence. 

Definition 7.8. A sequence (am)m>o £ nm>o ^P^,Nm,x ^^^"^ converge to 

h = {bm)m>0 e RPra^Nm^X = 

if for each m, there exists an integer such that the image of a^' in RFm,Nm,x 
coincides to hm G RFm,Nm,x ^'^Y ^ -^m- 



Proof of Theorem 7.1 . Here, we vary m. In this subsection, we denote the element 



^''■'■'{xu,J eRN = (Z/p^-)[Gal(F^/Fo)]^ 

defined in §6.2 by (t)^'"^^{xu^^q)m- By induction on r, let us prove that the sequence 
converges to 

in the sense of Definition 17.81 for any integer r satisfying < r < i. 
First, we consider the equality 

|Ap|'%det(M)-0^^(xi,g) 

= ± |Ap|'° (7 - l)''^5A5lSj€detiM^)ipF,N,x{{Vm)m>o)- 

Since the right hand side converges to 

± I Ap|^° (7 - IT^SaSiSjS^e det(Mi) det(M) 

and |Ap|^° 5a det(M) is non-zero element, it follows that (^^^(xi^g)™)^^^ converges 
to 

± |Ap|'° (7 - iy-SiSjS^edet{M,). 
(Note the sign ± does not depend on m, see Proposition 17. 7p . 

Next, we assume that the sequence {(j)^'' {x^^_j^^g)m) converges to 

± I Ap|'+'^ (7 - ir-6j6j6^e'-' det(M,_i). 
Then, the right hand side of 

|Ap|'°5Adet(M,_i)0^'-+^(x,,,,) = ± | Ap|'' 5^5 det(M,)#'-(x,,_,J 
converges to 

± |Ap|^^+^'^ (7 - iy^6ASi6j6^e'' det{Mr) det(M,_i) 
Since we take det(Mr_i) 7^ 0, the sequence {(p^'"^'^{x^^^g)m) ^-^q converges to 

± |Ap|^+'^' (7 - ly-SiSjS^e'-detiMr). 

By induction, in particular, we conclude (0^'+^(a;i^^g)m) converges to 

± \A/^'' (7 - iy-6j6j6^6' det(M,). 
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Since {xu,q)m is contained in an _RAr-submodule of (F^/p^)^ generated by the set 
[Je\qu^rn,N,xi(^) with e{qu) = i, wc havc e ^i,Fm,Nx for all m G Z>o. 

Hence we have 

This completes the proof of theorem. □ 



8. The higher cyclotomic ideals and Mazur-Rubin theory 

In this section, we assume that the extension degree of K/Q is coprime to p, and 
fix a character x ^ ^ satisfying x{p) 7^ 1- We denote by O the Zp-algebra isomorphic 
to O^^ with trivial (jQ-action. We identify the ring O (resp. C[[r]]) with (resp. 
A^) when we ignore the action of Gq. In particular, we sometimes regard as an 
ideal of C[[r]], and Rm,N,x as a quotient ring of C[[r]]. In this section, we complete 
the proof of Theorem 11.11 in ^ 

Theorem 8.1 (Theorem ll.il) . We assume that the extension degree of K/Q is prime 
to p. Let X G A 6e a character satisfying xip) 7^ 1- Then, we have 

FittA^,(xj ~ c:,^ 

for any i G Z>o. Moreover, we have 

annA^(X^_fin) FittA^,i(X^) C (T^ ,^ 

for any i G Z>o. 

In the previous section, we have already proved 

anuA^ (X;^,fin) FittA^,i(X^) C Cj ,^ 
for any z > 0. In order to complete the proof of the theorem, we have to show 

(Ti,^ -< FittA^,i(X^) 
for any i G Z>o. It is sufficient to show the following theorem. 

Theorem 8.2. Let i he a positive integer, and *p C 0[[r]] = a prime ideal of 
hight one containing FittA^,j(-^x)- define two integers ctii^) and by 

FittA„^,(X^ ®om] K^) = ^"^^^^Ax,^J, 

Then, we have Pii^) > aii^). 

In the rest of this section, we prove Theorem l8.2[ The key of the proof is comparison 
between the higher cyclotomic ideals Cj^^ defined in this paper and the theory of 
Kolyvagin systems, which is established by Mazur and Rubin in [MR]. 
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8.1. In the first three subsections, we will review some results on Kolyvagin systems 
briefly. Here, we recall the notion of Kolyvagin systems in general setting. 

Let (-R, m) be a noetherian complete local ring whose residue fleld i?/m is a flnite 
fleld of characteristic p. We call a triple (T, J^, S) which consists of the following data 
a Selmer structure (cf. [ MR] Deflnition 2.1.1): 

• a flnite set S of places of Q containing p and oo; 

• a free i?-module T of flnite rank with continuous G^-action unramifled outside 
S\{oo}. 

• a local condition 

^ = {H]r{QviT) C //"""(Qt,, T)}i,:place of Q 

on T satisfying 

for all flnite places f ^ S. 
We deflne the Selmer group for a Selmer structure (T, J^, S) by 

«.(Q,r):^Ke.(^.(Q.r) — ngl-n), 

where in the product, v runs through all places of Q. 

Let {T,T, S) be a Selmer structure. For each prime number £ ^ S, we deflne 

Hl{Q,,T) :=Ker( H\Q,,T) ^ H\Q,{ii,),T) ). 

Then, we have a direct decomposition H^{Qi,T) = iJ^(Q^,T) © H^^{Qi,T), so the 
natural projection 

HliQ,, T) ^ HliQ,, T) := H\Q,, T)/H}{Qe, T) 

is an isomorphism. For each square-free product n of flnite numbers of primes not 
contained in E, we deflne a new local condition 

^^nnm-^) - ^HIM.,T) if. In. 

Let / be an ideal of R. Then, we denote the image of Hjr{Qv,T) in H^{Qy,T/IT) 
by H}r{Q^, T/IT) for any place v of Q. 

In order to deflne the Kolyvagin systems, we have to construct two homomorphisms 
of Galois cohomology groups, the "localization" map and the "flnite-singular com- 
parison" map. Let (T, J-", S) be a Selmer structure over R. For each prime number 
£ ^ S, we deflne 

Pe{x) := det^(l - Fr,x | T), 

where Fr^ G Gq is an arithmetic Frobenius element. Note that the polynomial Pe{x) 
is well-deflned since the action of Go on T is unramifled at i. Let // be the ideal of 



HIGHER FITTING IDEALS AND SINNOTT'S CIRCULAR UNITS 43 

R generated by £ — 1 and Pe{l). Take a square-free product n := ii x ■ ■ ■ x ir, where 
ii is a prime number not contained in S for i = 1, ...,r. Then, we define an ideal 

r 
i=l 

Recall that we defined Hi := Gal(Q(/i£)/Q) ~ F^''. By [MR] Definition 1.2.2 and 
Definition 2.2.1, we can construct a canonical map 

<j)f: H}{Qe^,T/L,T) Hl{Qe^,T/I^T) ®^ He 

called the finite-singular comparison map for each integer i with 1 < i < r. (See loc. 
cit. for construction and detail of (j)f.) Note that if i? = O/p^ and T = fj,pN ^x~^i 
then the natural localization map 

i-)t,s : ^>(„f)(Q, T//„,T) Hl{q,, T / I^iT) if„,, 

and the composite map 

^>(n)(Q> T/I^T) Hn HjiQe, T/I^iT) H^ 

^^Hl{Q,,T/I^,T) ®xH^,, 

coincide with the map 

[■]{^^^ ® 1 : (F^/p^)^ ®z Ro,n,x ®z H^e 

defined in Definition 15. II and 

defined in Definition 15.21 respectively for any i G and any n G A/at with {i, n) = 1. 

Let us recall the definition of Kolyvagin systems. Let (T, J^, S) be a Selmer struc- 
ture over R and P be a set of rational primes disjoint from S. We denote the set 
of all square-free products of V by N{V). (Note 1 G N{V).) We call such a triple 
(T, J^, V) a Selmer triple. 

Definition 8.3. A Kolyvagin system for a Selmer triple {T,J^,V) is a family of 
cohomology classes 

K= {KnE i^jr(„) (Q, T//„r) (g)^ i^n}neAr(P) 

satisfying 

{^ne)e,s = <pfM in Hl{Q,,T / hiT) ®x Hni 
for any n G Af{V) and any £ E V satisfying n£ G Af(V). We denote the set of all 
Kolyvagin systems for (T,J^,V) by KS(T, J^, "P). 

Let (T, J-", be a Selmer triple over i?. We naturally regard an abelian group 

T* := HomZj,(T,/ipoo) 

as an i?[G'Q]-module. For all finite places v of Q, we denote the orthogonal complement 
of H]r{Qv,T) in the sense of the local duality pairing 

H\Q,,T) X H\Qe,T*) ^H'{Q,,fipo.) Q^/Z^ 
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by H^^^^{Q^,T*). l{v = oo, we have H\Q^,T) = and H\Q^,T*) = since p is 
odd. In certain good situations, Kolyvagin systems for the triple (T, J^, V) describe 
the structure of the Selmer group 

/f>.(Q.n^Ke.(/f.(Q,n— n|^|^). 

where in the product, v runs through all places of Q. 

For r G Z>o, we denote by Vr the set of all prime numbers £ not contained in E 
satisfying both of the following to conditions: 

• T / iycCT + (Fr£ — 1)T) is a free i?-module of rank one; 
Then, we have Vi C Vi+i for any positive integer i. 

Definition 8.4. Let {T,J^,V) be a Selmer triple over R. Then, we define 
KS(T,J^,P) := limlimKS(T/m'^T,J^,PnPj). 



Note that KS(T, J^,V) matches Euler system arguments better than KS(T, J^,V). 
(See Theorem 18. 6[ ) 

Remark 8.5. We have a natural homomorphism 

KS(T, V) KS(T, J^, V). 

of i?-modules. It may not be either injective or surjective in general. (See [MRj p. 
21.) But, later, it will turns out that this homomorphism is an isomorphism in the 
special case which we treat in our paper (cf. Proposition 18.91 ) 

8.2. In this subsection, we review the notation on Selmer structures over complete 
discrete valuation rings and Iwasawa algebras. 

Now, we set a Selmer structure over complete discrete valuation rings. Let R be 
the integer ring of a finite extension field of Qp, and T a free i?-module of finite rank 
with continuous (jQ-action unramified at all but finitely many primes. Throughout 
this subsection, we assume that T satisfies conditions (H.0)-(II.4) in |MRj §3.5. We 
set the local condition J^can for T by 

{Hj{Qy, T) if t> is a finite place prime to p; 
H\Q„T) iiv = p; 
H\R,T) = iiv = oo, 

where for finite places v prime to p, the local condition Hj{Qy,T) is in the sense of 
Bloch-Kato. Namely, we define 

Hj{Q,,T) = Ker ( H\Q,, T) H^Q^, T Qp) ) . 

Note that the triple {T,J^,Vi) satisfies all of the conditions (II.0)-(H.6) in |MRj §3.5. 
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Next, we set a Selmer structure over Iwasawa algebra. Let R be the integer ring of 
a finite extension field of Qp, and (T, J-", E) a Selmer structure over R. We define the 
i?[[r]]-module T with a continuous i?[[r]] -linear GQ-action by 

and the local condition J-a on T by 

Let Qs be the maximal extension of Q unramified outside E. Then, by standard 
arguments, we have 

H\Q, T) = ifi(Qs/Q,T) ^l^ifi(Qs/Qn,T), 

where the limit in the most right term is defined by the projective system with respect 
to corestriction maps. (See, for example [MRj Lemma 5.3.1.) In particular, the local 
condition J^a coincides the finite local condition /. So, the triple (T,J^a, S) is a 
Selmer structure. 

In the last of this subsection, we recall the relation between Euler systems and 
Kolyvagin systems. Let R be the integer ring of a finite extension field of Qp, and 
(T, J^, V) a Selmer triple over R. We define the field /C to be the composite field of 
Qoo and Q(/in) for all positive integers n satisfying (n, €) = 1 for any prime number 
^ G S. Let be the ideal of Z defined by the square free product of the prime 
numbers contained in S. We denote the set of Euler systems for (T, /C/Q, in the 
sense of |Ru5] by ES(T, S). 

Theorem 8.6 (Theorem 3.2.4 in [MR]). Let (T, J-", P) he a Selmer triple satisfying 
the conditions (II.0)-(II.6) in |MR] §<?.5. Assume the following two conditions: 

• the R-module T / (Fr^ — 1)T is cyclic for any i G V ; 

k 

• the action o/Fr^ — 1 on T is injective for any £ G V and any k G Z>o. 

Then, there exists a R-linear map 

ES(T,S) ^KS(T,^,P); c = {cf}fck ^ f^{c) := {/€(c)„}„ 

satisfying k(c)i = cq in H^{Q,T). This map is constructed by using Kolyvagin de- 
rivative classes of Euler systems. For the detail of the construction of this map, see 
[MRj Appendix A. 

8.3. In this subsection, we recall some results (specialized for our purpose) on Koly- 
vagin system proved in [MRj §§5.2-5.3. (In [MR] §5.3, they treat only the case of 
Oy = Zp, but we can prove similar results for general by similar arguments.) 

Recall that (9 is a Zp-algebra isomorphic to with trivial (jQ-action. We define 
a C-module by 

T^:=Zp(l)®^^0^-i. 
We define a set S of places of Q by 



E := {p, oo} U {£ I £ ramifies in K/Q}, 
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and consider the Selmer structure (T^, J-'can, S). We fix V := Vi. Note that by 
Kummer theory, we have 

H\q,T/p^T) = {F^/p^)^ 
for any positive integer N . Since we assume x{p) 7^ we have 

H\Q,,T*^) = (0Hom(G^„,„Qp/Z,))^_, = 0, 

Xp 

so by global class field theory, we have 



Ker('Hom(G^„,Qp/Zp))^-i J] ( Hom(G^u„., Qp/Z,))^_, 

^ £y^p,oo X\£ 

nKer('Hom(Gi.„,Qp/Zp))^-i ( Hom(G^„ „ Qp/Zp))^_, 
Ker(^Hom(G^„,Qp/Zp))^-i ^ J] ( Hom(G'pun., Qp/Zp))^_, 



= Hom(A^o,^,Qp/Zp). 

Recall we define A^^. := (9^[[ro]]. We define 

:= ®o C>[[r]] = A^-i Zp(l). 

Note that by local duality, we have H'^{Qp, T*) = 0, and by (the limit of) Poitou-Tate 
exact sequence, we obtain 

= Hom(if>.(Q,T*),Qp/Zp) = i/'(Qs/Q, T). 

We denote define a set Sa of hight one prime ideals of the ring C[[r]] = by 

Ea := {<p e Spec(A^) | ht<p = 1 and charA^(X^) {pAJ. 

Let 13 C (9[[r]] = A^ be a prime ideal of hight one not contained in Sa- We denote 
the integral closure of C[[r]]/i5 by Sq. Note that S^} is a complete discrete valuation 
ring of mixed characteristic (0,p) whose residue field is finite. We fix a uniformizer 
of Sip by 71. 

Here, let us consider the Selmer triple 

Note that this Selmer triple satisfies conditions (H.0)-(H.6) in |MR] §3.5. We have 
the following lemma. 

Lemma 8.7 ( |MRj Lemma 5.3.16). Let £3 C (9[[r]] he a prime ideal of hight one not 
contained in Ea- Then, we have 

X{T^ ®o Sq)= rankci(T^) = 1 

where xiT^®o Sq) is the core rank oJT^^oSq in the sense of |MRj Definition 5.2.4- 

Remark 8.8. Note that the original statement of Lemma 5.3.16 in |MR] treats only 
the case of O = Zp, but the similar proof works for general O. 
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By Lemma [8.71 and [MRj Proposition 5.2.9, we obtain the following corollary. 

Corollary 8.9. Let O C (9[[r]] be a prime ideal of hight one not contained in Sa- 
Then, the natural homomorphism 

KS(T^ ®0 Sq, J-,a„, V) KS(T^ 0o Sq, J'c.n, V) 

is an isomorphism. 

For each positive integer A^, we define 

Sm{'lI) := G iSatI Fr£ acts trivially on T ®o Sq/p^ Sq], 

and we denote the set of all well-ordered square-free products of Sn{0) by Nj^'°'{£l). 
Note that we have Sn' ^ Sn{0) for any sufficiently large N' . Consider the i?-linear 
map 

ES(T^ ®0 Sq, J-ean, V) ^ KS(r^ ®o Sq, T,.,^, V) = KS(T^ ®o Sq, J-can, V) 

in Theorem 18.61 Then, by construction of this map (cf. |MR] pp. 80-81.), we obtain 
the following proposition. 

Proposition 8.10. Take c e ES{T^(g)oSQ, K:/Q,V) and n e Af^-°- (O.) . LetKo,N{c;n) 
be the Kolyvagin derivative class of c at n. Then, we have 

K{c)n = Ko,Af(c; n) 

m H\Q,T^(E)o (^q/p^))- 

Recall that for each element n := ii x ■ ■ ■ x ^ M{V), we denote the number of 
prime divisors of n by e{n) := r. For any non-zero Kolyvagin system k = G 
KS(T^5'£3, J'can,^), we define 

di{K; O.) := max{j G Z>o | 7r^i/^(„)(Q, ®o Sq/Q for all n G A/'(P) with e(n) = i} 

for any non-negative integer i. We also define 

di{£l) := min{9i(fi:;ll) | k = G KS(r^ ®o ^q, J^can, ^)}. 

Note that we have ej(0) := 9j(0) — (9(j+i)(n) > for any i G Z>o, and di{£l) = for 
sufficiently large i. Note that the core rank of T^ Sq is one by Lemma 18. 7[ and 
we can check the Selmer triple (T^ Sq, J-'cuny'P) satisfies all conditions required in 
[MRj Theorem 5.2.12, we obtain the following result. 

Theorem 8.11 (a special case of [MR] Theorem 5.2.12). Let £l C (9[[r]] be a prime 
ideal of hight one not contained in Ea- We fix a uniformizer tiq of Sq. Then, we 
have an isomorphism 

(Q, (T, ®o SaT) ^ So/vrg^^^^Q 

of S<:^-modules. In other words, we have 

Fitt5^, {H'^,JQ, (T^ ®o So)*)) = ttJ^^^Sq 

for any i G Z>o. 
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8.4. In this section, we treat the results on higher Fitting ideals of Ao,x- By Theorem 
IS.lll and usual Euler system arguments (without Kurihara's elements), we obtain the 
following theorem. 

Theorem 8.12. Assume the extension degree of K/Q is prime to p. Let x ^ ^ be a 

character satisfying x{p) 7^ 1- Then, we have 

for any non-negative integer i and sufficiently large integer N. 



Proof. The order of x is prime to p, so p is a prime element of the discrete valuation 
ring O^. Since Aq^^ is a finitely generated torsion (9^-module, we have an exact 
sequence 







o: 



o: 



A. 



0, 



of (9^-modules, where the matrix Mf associated to / for the standard basis {GjYj^i 
of is a diagonal matrix 



M 



f 



p" 



pdrj 



First, let us show the inequality 



satisfying di> d2> ■ ■ ■ > d^.. 

We fix an integer satisfying p^ > H^Aq^^ 
Fittci^/piv_j(Ao,x) ^ ^ifi,N,x- Let 

be an Euler system of circular units defined by a A^-linear combination of basic 
circular units, n G J\fj^'°' satisfying e(n) < i, and 

/: iFoVp'')x^Ro,N,x = OJp'' 
an arbitrary homomorphism of i?o,Af,x"^^odules. Then, from Theorem 18.111 for the 



prime ideal (7 — 1)A;^ and Proposition 18. 10[ it follows that Ko,iv,x(^5 v)x ^ P^^' 
power of some element in [F^ /p^)^. This implies 



Ej=i+i dj 



f{tiQ,N{mn)x) ^ p' 

and we obtain Fitto^/pN i{Ao^^) ^ (t 



(0,/p^)=Fitto,,(Ao,x)(^x/F 



i,0,N,x- 

Note that the inequality Fitto^,i{AQ^^) C Cj,o,iv,x follows from the usual Euler sys- 
tem argument. (See, for example, the arguments in |Ru2j §4.) We sketch the proof 
of this inequality briefly. Let be a sufficiently integer. Note that any circular unit 
in Fq extends to an Euler system defined by a A^-linear combination of basic circular 
units since we assume x{p) 7^ 1 (cf- Remark 14. 6p . Fix an Euler system 



V 



iVmin)^ e (Fmil^nV ®Z^p)x} 



PJXi 



circular units defined by a A^-linear combination of basic circular units, and assume 
that the circular unit ?7o(l) generates the free O^-module Cq^^ = (Co Zp)^ of rank 
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one. Recall that Eq^^ := {Op^ ® Zp)^ is a free C^^-module of rank one. We fix an 
isomorphism 

of C^-modules and a prime number ii whose ideal class [^i]fo,x ^o,x coincides with 
g{ei) and satisfying 

(Note that Proposition 16. II ensures the existence of such a prime number ii.) By the 
arguments in |Ru2j §4 combined with Proposition 16.11 we can inductively take prime 
numbers ii, ...,ir+i G iSat homomorphisms 

V^, : (FoVp^)^ — Ro,Ma = OJp"" U = 1, r) 
satisfying the following conditions. 

• [^j,Fo]x = 9{^o) ^o,x for any integer j with 1 < j < r. 

• The integer Uj := ni=i is well-ordered any integer j with 1 < j < r. 

• /j-iV'j(Ko,7v('7;'^j)) = V'j-i('^o,7v(^;%-i)x) for any integer j with 1 < j < r. 
Here, we put no := 1. 

• The restriction of (t)QMx ^0:^-x(^i) coincides with any integer j with 
1 < j < r. 

Then, we obtain 

By [Ru2j Theorem 4.2 (see |MWj Theorem 1.10.1 or [Ru5j Corollary 3.2.4 for general 
cases), there exists a unit u e such that 

= «#Ax = up^^^-''^'- 

Therefore, we obtain 

^o,N,x ^ V'i(«o,7v('7; ni)^)Ro,N,x = P^'='+^'^' Ro,n,x- 
This completes the proof. □ 

Remark 8.13. Fix a pseudo-isomorphism 

^x— e;=iAx/Mx, 

where /i, are non-unit and non-zero elements of satisfying /r| ■ ■ ■ |/2|/i- Then, 
by similar argument to the proof of the inequality Fittc)^,j(Ao,x) ^ ^i,o,N,xi "^^ ^^ri 
prove rough estimates 

(11) FittA^,,(Xj -< (T,,^ 

without using Kurihara's elements. In this argument, we have to use the argument 
of |Ru2 ] §5 and the Iwasawa main conjecture instead of the argument of [Ru2] §4 and 
|Ru2j Theorem 4.2. Note that when we apply such arguments without Kurihara's 
elements, we have to ignore error factors ffTTl) completely. So, Theorem I7.1[ which is 
proved by Euler arguments via Kurihara's elements, is stronger than results obtained 
by usual arguments without Kurihara's elements. 
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Note that Theorem 18.121 imphes that for any non-negative integer i and any two 
integers N and N' satisfying A^' > > 0, the image of ^o,n',x ^o,n,x coincides with 
^o,N,x- Combining this fact and the second assertion of Corollary I4.14[ we obtain the 
following corollary immediately. 

Corollary 8.14. Assume the extension degree of K/Q is prime to p. Let i be a 

non-negative integer, and x € A a character satisfying x{p) 7^ 1- Then, the following 
holds. 

(1) The image of (ti^^ in Ro,n,x coincides with the ideal £j,o,iv,x f'^i" ^^?/ positive 
integer N. 

(2) The image of(ti^^ in i?o,x •= ^p[Gal(Fo/Q)];^ coincides with the ideal ^i,Fo,x '■ — 
lim^£i,o,iv,x- 

We put m := pA^ + (7 — 1)A^. Note we have the natural isomorphism 

by Proposition 13.101 So, the least cardinality of generators of the A^-module X^ 
coincides to that of the O^/p-modnle Ao,^ by Nakayama's lemma. Hence the following 
corollary follows from Remark 12. 3[ Theorem 18.121 and Corollary 18.141 

Corollary 8.15. Let K/Q and x ^ ^ be as in Theorem \l.l\ Let r be a non-negative 
integer. Then, the following two properties are equivalent. 

(1) The least cardinality of generators of the A^-module X^ is r. 

(2) C-i,x 7^ ^x "-^(^ '^r,x = ^x- 

Example 8.16. In general, the computation of the higher cyclotomic ideals is 
hard. But in a certain very special case, we determine the higher cyclotomic ideals 
explicitly and prove that they coincides with the higher Fitting ideals. Let p = 3 
and K := Q(\/257). Then, we have Fq = K. We take a unique non-trivial character 
X G A. In this case, Greenberg proved that An^x ^ cyclic group of order 3 for any 
n > 0. (See jGree2] §7.) So, we have X^ = X^,fin — ^x/(3'7 ~ -'-) by Proposition 
I3.10[ and we obtain FittA^^o(-^x) ~ (3,7 — 1) and FittA^,j(X^) = for i > 1. Note 
that 7 — 1 annihilates X^,fin, so Corollary 17.21 implies that the element 7 — 1 belongs 
to for any i > 0. Since both FittA^,j(Ar^) and Ci^^ contain the ideal (7 — 1)A^ for 
any i > 0, we deduce that 



c:,x = FittA^,(xj 

from Theorem 18.121 and Corollary 18.141 



(3,7-1) ifi = 
A^ if z > 



8.5. In this subsection, we prove Theorem 18.21 Here, we fix a positive integer i and 
a height one prime ideal ^ of C[[r]] containing FittA^(X^). In particular, we have 
(p). For simplicity, we put a := aj(^) and /3 := /3i(^). We define a non- negative 
integer s by 
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We regard 0[[r]] as the ring 0[[T]] of formal power series by the isomorphism 
0[[T]] ~ 0[[T]] defined by 7 1 + T. Let /(T) G 0^[T] be the Weierstrass polyno- 
mial generating the fixed prime ideal ^ of 0[[r]] = (9^[[r]]. For any positive integer/c, 
we put 

MT) := /(T)+/ 

and let be the principal ideal of = (9^[[T]] generated by fk(T). We need the 
following lemma (cf. |MRj p. 66). 

Lemma 8.17. There exists a positive integer N{^) satisfying the following properties. 

(1) The ideal is a prime for any k > N{^). 

(2) The ideal is not contained in Sa for any k > N{^). 

(3) The residue ring 0[[T]]/^k is (non-canonically) isomorphic to 0[[T]]/^i as 
O -algebra for any k > N{^). 

(4) The action of Fr^ — 1 on T^ ®o •S'tp^. is injective for any i ^ V, any m > 
and any k > A^(^). 

Proof. The arguments in |MRj p. 66 implies that there exists an integer A^'(*P) such 
that the conditions (l)-(3) in the lemma holds for any integer k satisfying k > A^'(*^). 
(See loc. cit. for detail.) So, it is sufficient to show that the fourth condition holds 
for any sufficiently large integer k. We denote the cyclotomic character by 

^cyc. Y ^O^. 

Let k be an integer satisfying k > N{^). The natural projection induces a continuous 
character 

p,:r — (o[[^]]/^fc)^ 

Note that the action of Fr^ — 1 on 'S'tp^ is not injective for some i & V and 

some m > if and only if the order of the character x'^^'^Pk is finite. 

We denote the order of p-power torsion part of ((!?[[r]]/^jfc)^ by p'^. Assume that the 
character x^^^Pk has finite order. The image of x^^^Pk is contained in ((^[[r]]/^^)^, 
so the character x^^^Pk is annihilated by p^ . In particular, we have 

Pk{i''") = {x'n-''\i) 

in (9[[r]]/*Pfc. This implies the polynomial 

ii + TY'' -{x'n-^\i)eO[T] 

is divisible by the monic polynomial fk{T). Obviously, such a situation occurs for 
only finitely many k, so the condition (4) holds for any sufficiently large integer k. □ 

Definition 8.18. Let M be an integer, and {xk}kez>M {yk}keci>M sequences of 
real numbers. We write Xk >- Vk if and only if liminffc_j.oo(a;fc — yk) 7^ —00. We write 
xn ~ Vn if and only if Xk >- yk and yk >- Xk- In other words, we write Xk ~ yk if and 
only if \xk — yk\ is bounded independent of A^. 
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We denote the ramification index of Frac(5'<p)/Qp by erp, and tlie extension degree 
of the residue field of over ¥p by f^. Let us recall the observations in |MR] p. 66. 
Let d be a non-negative integer. Then, we have 

for any sufficiently large integer k. So, we obtain the natural isomorphism 

of S'fpj.-algebras for any sufficiently large k. Moreover, we obtain the following lemma 
from the observations in |MRj p. 66. (See |MRj loc. cit. for the proof.) 

Lemma 8.19. Let M be a finitely generated torsion O[[r]\-module, and 

r r' 
j=0 j'=0 

an elementary O[[r]]-module, where where dj and Cji are positive integers, and gj'{T) 
is a Weierstrass polynomial in 0^[T] prime to f{T) for any integer i and j' . Suppose 
that the 0[[T]]-module M is pseudo -isomorphic to E. Then, there exists a sequence 



[iu-.M ®om\ % ©;=o S<^J{TiuY^^'^'- S<^,-Unear } 



fc>Ar(<p) 



of homomorphisms such that the orders of the kernel and cokernel of tk O'l"^ finite for 
any k > N{^i), and bounded by a constant independent of k. 

Then, we immediately obtain the following Corollary 18 . 201 of Lemma [8.191 combined 
with Lemma 12.61 This corollary plays an important role in this section. 

Corollary 8.20. Let M be a finitely generated torsion 0[[T]]-module. We define a 
non-negative integers C by 

Fitto[[r]],,(M ®o[[r]] A^,^) = V^A^,^. 

For each positive integer k with k > A^(^), fix a uniformizer nk o/S'qj^,, and define a 
non-negative integer Ck by 

Fitt5^,i(M (8)o[[r]] •S'rp) = vr^'''5'<p. 

Then, we have Ck ~ Ce<:pk. 

Definition 8.21. Let k he a non-negative integer with k > iV(*p). We define define 
non-negative integers and bk by 

<''S'<p, = Fitt5^^,i(X^ ®o[[r]] 5'<pJ, 

6,=length^.^^((0[[r]]/C 

By Corollarv l8.20[ we have ~ acfp/c and bk ~ f3e<:^k. 

Proposition 8.22 ( [MRj Proposition 5.3.14). Let k be an integer satisfying k > 
N{^), and 

vTfc : ®o[[r]] S^, Hom (Q, (T^ ®o S<^,y) , Qp/Zp j 
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a natural homomorphism. Then, the kernel and cokernel of iXk are both finite, and 
the orders of kernel and cokernel of iik are bounded by a constant independent ofk. 

Combining Proposition 18.221 with Theorem I8.1H we obtain the following corollary. 
Corollary 8.23. We have ~ di{^k)- 

For an integer k with k > A^(^), we take an integer Nj. satisfying 

• K > ^^{'^k), and 

Note that there exist such an N'f, since the ideal + has finite index in 0[[r]]. 
Then, we take Nj! > N^. satisfying 

. 7^^^'" -1 G^fc + J9^^'0[[r]], and 
We put rrik := A^^ - 1. 

Proof of \8.^ Now, we shall prove Theorem l8.2[ It is sufficient to show Be<;pk >- Ae<^k. 
Let k be any positive integer satisfying k > N{^). Then, we have 

/3e<^k r~^bk = length^^^ {{Om]/i^^,x + ^fc)) ®o[[r]] S<^,) 

= length^,^^ ((0[[r]]/(c:,, + + p^^o[[r]])) ®om s^,) 

= length^^,^^ ((0[[r]]/(e:,, + + (p^s 7^™'= - 1))) ®a[[r]] 

= length^^^ ((i?^^,^/,^/(the image of d^J) ®o[[r]] %,) 

> length^^^ ((i?^^,jv^,^/(the image of Ci^^^^N-,x)) ®o[[r]] 5'<pJ 

Since the ring Rmk,N'^,x ®o[[v]] 5*^3^. is a quotient of the discrete valuation ring Sfp^., the 
image of ^i^mk,N'^,x Rmh,N'^,x ®o[[t]] is a principal ideal. So, there exist 

• a circular unit 

r 

VM = violin,) := HviMT" X H^^r^H''^ ^ 

where r G Z>o, Ud and Vi are elements of Z[Gal(Fm/Q)] for each positive 
integers d and i with d\fK and 1 < « < r, and Oi, are integers prime to 
P, 

• an element G J^J^)?', 

k 

• a homomorphism hk - F^/p^k ^ Rmk,N'^,x ' 

such that the ideal of Rmk,N'^,x®o[[T]]S<:^k generated by the image of h{Kmk,N'^{V'^ ^k))- 
Therefore, we obtain 

(12) 5e<pfc y lengths^ {R^^^N'^^ J h{K^^^N>>{ri; nk))S<^^). 
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We denote by hi.: F^/p^'k ^i^^^.Tv^.x ^ the i?ms,,Af^,x"liii6ar homomorphism in- 
duced by /ifc. 

For a moment, we fix an integer k > A^(^), and put A^' := A^^^, A^" := A^^', m := rrik, 
n = Hk and hk ■.= h for simplicity. We put 

Let uh^: Rm,N',x ^ Rm,N,x[^n] bc the isomorphism of i?m,Af',x [-^n]-module defined 

by 1 I— !■ Nh^. Note that Rm,N' ,x[Hn] is a injective -Rmfc,Af^,x"^odule, so there exist an 

i?mj,,Ar^,x-hnear homomorphism h: ^ -Rm,iV',x[-^n] which makes 

the diagram 

(Pm/P^ )x ~ ^ Rm,N' 



'm,N' ,x 



{Fm{^.nY IP^ )x '~ — ^ Rm,N',x[^ri] 

commute. 

Note that by Shapiro's lemma, we have a natural isomorphism 

m' 

Then, by Lemma [4.131 (ii). we obtain the following lemma. 
Lemma 8.24. There exists a homomorphism 

h^: /fi(Q(/i„),T^/p^') 0[[r]][Hr,]/p^" = l^/?„,,;v',x[^n 

m' 

of 0[[T]][Hn]/p^' -modules which makes the diagram 

H'm^^nl T,/p^') ^ 0[[T]][H^]/p^' 

mod (7^"-!) 

(FmifJ'n)^ /P^ )x ~ ^ Rm,N',x[Hn] 

commute. 

Recall that we define a non-negative integer s by 
Let us show the following proposition. 

Proposition 8.25. There exists a S<:^^.[Hn]-linear homomorphism 
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which makes the diagram 

ffi(Q(/i„), T,/p^') '^^^ 0[[T]][H^]/p^' 



commute. Here, the vertical maps in this diagram are the natural map. 

Proof. We divide the vertical maps in some short steps, and we will construct suitable 
homomorphisms step by step. Recall that define a non-negative integer s by 

In order to prove the proposition, we need the following Lemma [8. 26 1 and its corollary. 
(Note that the following lemma is proved by similar arguments to Lemma 13. so we 
omit the proof.) 

Lemma 8.26. Let M he a 0\^^-module. Then, the kernel and the cokernel of the 
natural A^/^^k-linear map 

M M ®o[[r]]/q3, ^-^^ 

is annihilated by p^ . 

The following corollary follows from Lemma r8.26l by the similar arguments to Corol- 
lary 13.31 



Corollary 8.27. Le^ f:M beahomomorphismofO[[r]]/^k-modules. Con- 
sider the S'fp^ -linear map 

f (g) S^^ : M 'S)o[[r]]/%\ 'S'.p,, ^ A^®o[[r]]/<Pfc S<:p^ 

induced by f. Then, the S^^-submodule p'^ Kei{f ® S<)^j^) of M®o\^\j^^y<y^^ is contained 
in the image of Keif . 

Here, we return to the proof of the proposition. From the exact sequence 

— Tjp^' -^I^^ Tjp^' Tjip^'T^ + ^,T,) — 0, 
it follows that the natural homomorphism 

is injective. So, by Corollarv I8.27[ the kernel of the Sfp^. [i/„] -linear map 

i7i(Q(/x„), Tjp^') ®o[[r]] S<:p, — (Q(/x„), T^x/ip'^'T^x + ^^TJ) ®o[[r]] S<^, 
is annihilated by p'^. 

The 0[[r]] [i7„]-linear homomorphism h'^ induces an S'tp^ [if„]-linear homomorphism 
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For simplicity, we put 



Let Inis',^^ be the image of S'rp^ [if„]-linear map 



Then, there exists an S'fp^. [iJ„]-hnear homomorphism 



which makes the diagram 




commute. Note that S'qj^. is an injective S'fp^. [if„]/p^'-module since S'tp^./p'^' 

is a quotient of a complete discrete valuation ring S'tp^. with finite residue field. So, 
we can extend h^^^ to an S'!pj,[if„]/j9^'-linear map 



hW: i7i(Q(/x„),T^,A.) ®o[[r]]%,- 
and we obtain the commutative diagram 



% {Hn]/P 



N' 



om][Hn]/p 



N' 



Note that To4-^'^'{%^,,S<^J{0[[T]]/^k)) and T^,^ ®o[[rm, S^jT^^k are annihi- 
lated by p'^, the kernel of the natural homomorphism 



H 



ifi(Q(/i„),(T^®a%)/p^') 



is annihilated by p'^^. Then, from the injectivity of S'sp^. there exists an 

SfpJifJ/p^'-linear map 



which makes the diagram 



/Ji(Q(/x„),(T^®o%.)/p^') 



commute. The homomorphism /ifp^, is what we want to construct, and this completes 
the proof of Proposition 18.251 □ 
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We identify S^^^/p^' with S'sp^./p^'fi/ri]^" as an S'fpj,/p^'[ifn]-niodule by the isomor- 
phism 

and let 

be the homomorphism induced by /itp^. Note that since we assume the ideal + 
pN (9[[r]] contains 7^™ — 1, the natural homomorphism 



factors through 

/fi(Q(^„),T,/((7^'"' - l)T,+p^"T,)) ^ 

We denote the image of H\Q{^lr^),TJp^') in {FmifinV /p^')x by Imj.. Then, by 
Proposition 18.251 we obtain the commutative diagram 



H\Qif^^),Tjp^') 



Im? 



o[[mHn]/p''' 



Rm.,N' ,x\.^'n 



H\Q,{T^®oS^,)/p''') 



By the norm compatibility of circular units, we can define the element 



r/^" := (r/^(n)^") G //^ 
In particular, we have 



Tjp^')=lim(F„,(/i„)Vp^' 



'X- 



Let Os be a ring which is isomorphic to S'<pj. as a O^^-algebra, and we assume that the 
Galois group Gq acts on Os trivially. The action of Gq on S'sp^, defines a continuous 
character 

We regard both (8)0 Os and ®e) Sip^. as free C^-modules of rank one. Let 

7]®p:={r]®PFeH\F, (T^ ®o %)) }fck 
be the Euler system for (T^ (8)0 /C/Q, S) which is the twist of the Euler system 
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for (T^ ®o Os, IC/Q,T,) by the character p in the sense of |Ru5j . Since we assume 
n G Af^;?- C A/'™ °'(iSAr/(^fc)), we can define the Kolyvagin derivative class 

of the Euler system rj® p, whose image in H\Q, (T^ ®o S^iJ/p^') coincides with the 
image of rim{n)^'\ By Proposition 18.101 we have 

^^o,N'{r]® p-,n) = k{t] ® p)^ G H\Q, {T^®o S^,)/p^'), 

where /t(?7 ® p)„ is the n-component of the Kolyvagin system defined by the Euler 
system rj® p. Therefore, we obtain 

(3e^k y length5^JS'<p,/(p^'5<p, + h{Km,,N-{mnk))S<:fiJ) 

~ length^^,^ +p''h{Vm,{n,f"^)S.^,)) 

= length^,^^ (S^p,/ (p^'S^, + h^^{K{r] ® p)„)S'<pJ 

>min{9,(q3fc),iV'} = 9,(^fc)~afc 

Thus, we obtain P > a, and this completes the proof of Theorem I8.2[ □ 
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